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1 Vectors

1.1 The meaning of vectors

Because we inhabit a world with more than one spatial dimension, physical phenomena
frequently require us to distinguish between

Scalar : a quantity specified by a single number;

Vector : a quantity specified by a number (magnitude) and a direction;

e.g. speed is a scalar, velocity is a vector. Vector algebra is an essential physics tool for
describing vector quantities in a compact fashion. Modern notation is not that old: it was
invented in the 1880s by Gibbs and by Heaviside. Earlier physicists from Newton to Maxwell
had to work much harder to solve their problems.

Notation: Textbooks often denote vectors by boldface: A, or occasionally the arrow nota-
tion: A. But for writing vectors, the easiest notation is the underline: A. Denote a vector
by A and its magnitude by |A| or A. Always underline a vector to distinguish it from its

magnitude. A unit vector is often denoted by a hat 4 = A / A and represents a direction.

The main intention of this course is to develop skill in using vector methods to solve problems
in physics. As such, it deliberately repeats some material that has been seen before (in MM3
and AM3). The approach will be relatively informal; but this is no excuse for lack of rigour.
It is important to be able to derive the key results in the subject.

1.1.1 Geometrical view: position vectors

A vector is fundamentally a geometrical object, as can be seen by starting with the most
basic example, the position vector. This is drawn as a line between an origin and a given
point, with an arrow showing the direction. It is often convenient to picture this vector in a
concrete way, as a thin rod carrying a physical arrowhead.

The position vector of a point relative to an origin O is normally
r written r, which has length r (the radius of the point from the
o) origin) and points along the unit vector 7.

Formally speaking, this ‘directed line segment’ is merely a representation of the more
abstract idea of a vector, and different kinds of vectors can be represented by a position
vector: e.g. for a velocity vector we would draw a position vector pointing in the same
direction as the velocity, and set the length proportional to the speed. This geometrical
viewpoint suffices to demonstrate some of the basic properties of vectors:

Independence of origin

Q S

Vectors are unchanged by being transported: as drawn, both dis-
placements from P to Q and from R to S represent the same vector.
In effect, both are position vectors, but with P and R treated as
the origin: the choice of origin is arbitrary.

1>
1>



Addition of vectors: parallelogram law

- Q
A+ B = B+ A (commutative).

From this, we see that the vector A that points from P to Q is just the position vector of
the last point minus that of the first: we write this as PQ = OQ —OP = Ty~ Ip We prove
this by treating A and A 4 B as the two position vectors in the above diagram.

This generalises to any number of vectors: the resultant is obtained by adding the vectors
nose to tail. This lets us prove that vector addition is associative:

A geometrical demonstration that (A+ B)+C = A+ (B+C).

Multiplication by scalars

A vector may be multiplied by a scalar to give a new vector e.gq.

A/ aA/(forowO%‘oromO)

Also
Al = oA
a(A+B) = aA+aB (distributive)
(a+B)A = aA+pA (distributive)
a(fA) = (aBf)A (associative).

In summary, as far as addition of vectors is concerned, or of multiplication by scalars, the
power of vector notation is just that you treat vectors as if they were just a number (a
‘directed number’). The important exception of multiplication of vectors will be dealt with
shortly. In the meantime, there are already some common mistakes to avoid:

1. You can add vectors, but you can’t add vectors and scalars.

2. Check that all quantities in a vector equation are of the same type: e.g. any equation
vector = scalar is clearly wrong. (The only exception to this is if we lazily write vector
= 0 when we mean 0.)

3. Never try to divide by a vector — there is no such operation.



1.1.2 Coordinate geometry

Although the geometrical view of vectors is fundamental, in practice it is often easier to
convert vectors to a set of numbers: this is the approach to geometry pioneered by Descartes
in 1637 (hence Cartesian coordinates). Now, a position vector is represented by either a row
or column of numbers (row vector or column vector):

X

r=(z,y,2) or v,
zZ

assuming three dimensions for now. These numbers are the components of the vector.
When dealing with matrices, we will normally assume the column vector to be the primary
form — but otherwise it is most convenient to use row vectors.

It should be clear that this zyz triplet is just a representation of the vector. But we will
commonly talk as if (z,y,2) is the vector itself. The coordinate representation makes it
easy to prove all the results considered above: to add two vectors, we just have to add the
coordinates. For example, associativity of vector addition then follows just because addition
of numbers is associative.

Basis vectors

A more explicit way of writing a Cartesian vector is to introduce basis vectors denoted by
either ¢, j and k ore,, e, and e, which point along the x, y and 2-axes. These basis vectors
are orthonormal: i.e. they are all unit vectors that are mutually perpendicular. The e,
vector is related to e, and e y by the r.h. screw rule.

The key idea of basis vectors is that any vector can be written as a linear superposition
of different multiples of the basis vectors. If the components of a vector A are A,, A,, A.,
then we write

A = A22+Ayi+Azﬁ or é:Amgx—l—Aygy—i—Azgz.

In row-vector notation, the basis vectors themselves are just

i=e,=(1,0,0) j=e,=(0,1,0) k=e,=(0,0,1)

1.1.3 Suffix or Index notation

A more systematic labelling of basis vectors is by e, e, and e5. i.e. instead of i we write
e, instead of j we write e,, instead of k we write e;. This scheme is known as the suffix
notation. Its great advantages are that it generalises easily to any number of dimensions
and greatly simplifies manipulations and the verification of various identities (see later in
the course).

Old Notation New Notation
e, €3
or €y €o
8 €1
r=xityj+zk r=we,tye,+ze, T =ux1+T2ey+ T3€3



Thus any vector A in N dimensions can be written in this new notation as

N
é :A1§1+A2§2+A3§3+”' :Z AiQi-
=1

Free and dummy indices

We have written the components of A as A;. This can be a common source of confusion:
if we had written A; instead, does that make any difference? In words, A; means “the i*"
component of A”. Thus, 7 is a free index: it means some integer that we have not yet
specified, and indeed we might as well have called it j. The only important thing is to be
consistent: if vectors A and B are equal, then all their individual components are equal, so
we can write A; = B; and get a relation that is implicitly true for any value ¢ without having
to write them all out. The relation A; = B, expresses exactly the same result and is just a
good a choice. But A; = B; would be meaningless, because the indices don’t balance. Where
the value of an index is summed over, as in A = ZlNzl A; e, all possible values of i are
used, and it is called a dummy index. Again, we can happily replace i by j or whatever,
provided it is done consistently:

As a more complicated example, consider the vector equation

a—(b-c)d+3n=0,

which must hold for each component separately:
a;—(b-c)di+3n; =0 for i=1,23.

The free index ¢ occurs once and only once in each term of the equation. In general every
term in the equation must be of the same kind i.e. have the same free indices. In order to
write the scalar product that appears in the second term in suffix notation, we should be
careful to avoid using ¢ as a summation index, since as we have already used it as a free
index. It is better to write

3
ai—<Zbkck> di+3n;=0 for 1=1,2,3

k=1

rather than ,
a; — <Zb10l) d1+3nz =0 for i= 1,2,3
i=1
which would be ambiguous if the brackets were removed — whereas in the first form the
brackets are not essential.



Example: epicycles

To illustrate the idea of shift of origin, consider the position vectors of two planets 1 & 2
(Earth and Mars, say) on circular orbits: r, = ri(coswit,sinwit), r, = r2(coswst, sinwsyt).
The position vector of Mars as seen from Earth is

Ty =Ty =T, = (r2c08wst — 11 coswit, Tpsinwst — rysinwit).

This describes an epicycle: Mars moves on a small circle of radius r, whose centre is carried
round in a circle of radius 5. Although epicycles have a bad press, notice that this is an exact
description of Mars’s motion, using the same number of free parameters as the heliocentric
view. Fortunately, planetary orbits are not circles, otherwise the debate over whether the
Sun or the Earth made the better origin might have continued much longer.

1.1.4 Vector physics: independence of basis

Although the coordinate approach is convenient and practical, expressing vectors as compo-
nents with respect to a basis is against the spirit of the power of vectors as a tool for physics
— which is that physical laws relating vectors must be true independent of the coordinate
system being used. Consider the case of vector dynamics:

F=ma=m-—v=m-—=r.

In one compact statement, this equation says that F' = ma is obeyed separately by all the
components of F' and a. The simplest case is where one of the basis vectors points in the
direction of F’, in which case there is only one scalar equation to consider. But the vector
equation is true whatever basis we use. We will return to this point later when we consider
how the components of vectors alter when the basis used to describe them is changed.

Example: centripetal force

As an example of this point in action, consider again circular motion in 2D: r = r(coswt, sinwt).
What force is needed to produce this motion? We get the acceleration by differentiating twice
w.r.t. ¢ P 2

E:mg:mﬁf:mr(—w
Although we have used an explicit set of components as an intermediate step, the final result
just says that the required force is mw?r, directed radially inwards.

2 2

sinwt, —w” coswt) = —mw=r.

1.2 Multiplying vectors

So far, vector notation is completely pain-free: we just treat vectors as if they were numbers
and the algebra of addition or subtraction is identical. What about multiplication? What
could A B mean? To see this, we have to think geometrically, and there are two aspects
that resemble multiplication: the projection of one vector onto another, and the area of the
parallelogram formed by two vectors.



1.2.1 Scalar or dot product

The scalar product (also known as the dot product) between two vectors is defined as

(A- B) = ABcosf, where § is the angle between A and B

|Co

(A- B) is a scalar — i.e. a single number. By definition, the scalar
0 . product is commutative: (A-B) = (B-A).

A

The geometrical significance of the scalar product is that it projects one vector onto another:
A- B is the component of A in the direction of the unit vector B, and its magnitude is A cos 6.
This viewpoint makes it easy to prove that the scalar product is

Distributive over addition | (A+B)-C=A-C+B-C |

The components of A and B along C clearly add to make the com-
ponents of A + B along C.

Scalar product in terms of components

You know very well that the scalar product is worked out in practice using the components
of the vector:

3
A-B=Y A;Bi;
=1

Let’s prove that these two definitions are identical; this requires the distributive property of
the scalar product. If A= )", Ae;, then

A‘Q1 = (A1§1+A2§2+A323)'Q1:A17

so the orthonormality of the basis vectors picks out the projection of A in the direction of
e, and similarly for the components A; and As. In general we may write

A-e,=e;-A= A, orsometimes (A),.

If we now write B = ), B;e,, then A-B amounts to picking out in turn A; and multiplying it
by B;. So we recover the standard formula for the scalar product based on (i) distributivity;
(ii) orthonormality of the basis.



Summary of properties of scalar product
() A-B=B-A; A-(B+(C)=A-B+A-C

(i)

(ili) (n-A)n = the vector projection of A onto n

[

- A = the scalar projection of A onto 7, where n is a unit vector

(i) | A-A=|A]* | which defines the magnitude of a vector. For a unit vector A- A =1

Example: parallel and perpendicular components

A vector may be resolved with respect to some direction 7 into a parallel component AH =
(7- A)n. There must therefore be a perpendicular component A = A— AH' If this reasoning

makes sense, we should find that A

4, and A are at right angles. To prove this, evaluate

A = (A— (- A)i) - n= A

|3

LA=0

(because n-n = 1).

Example: the cosine rule

Consider two position vectors A and B. They define a triangle, whose third side is the vector
C=A-B C*=(A-B?=(A-—B)-(A—B) = A+ B*—2A - B. Hence we have a
simple derivation of C? = A? + B? — 2AB cosf, where 0 is the angle between A and B.

1.2.2 The vector or ‘cross’ product

The vector product represents the fact that two vectors define a parallelogram. This geo-
metrical object has an area, but also an orientation in space — which can be represented by
a vector.

(Ax B) = ABsinf n, where n in the ‘right-hand screw direction’

i.e. M is a unit vector normal to the plane of A and B, in the direction of a right-handed
screw for rotation of A to B (through < 7 radians).

(AxB)

5 (A x B) is a vector — i.e. it has a direction and a length.

=3

=

A

It is important to note that the idea of the vector product is unique to three dimensions. In
2D, the area defined by two vectors is just a scalar: there is no choice about the orientation.
In N dimensions, it turns out that N(N — 1)/2 numbers are needed to specify the size and
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orientation of an element of area. So representing this by a vector is only possible for N = 3.
The idea of such an ‘oriented area’ always exists, of course, and the general name for it is
the wedge product, denoted by A A B. You can feel free to use this notation instead of
A x B, since they are the same thing in 3D.

The vector product shares a critical property with the scalar product, but unfortunately one
that is not as simple to prove; it is

Distributive over addition | Ax (B+(C)=AxB+AxC |

It is easy enough to see that A x (B+C) = Ax B+ Ax Cif
all three vectors lie in the same plane. The various parallelograms
of interest (shaded in this figure) differ by the triangles at top and
bottom, which are clearly of identical shape.

>

B

When the three vectors are not in the same plane, the proof is more involved. What we shall
do for now is to assume that the result is true in general, and see where it takes us. We can
then work backwards at the end.

1.2.3 The vector product in terms of components

Because of the distributive property, when we write A x B in terms of components, the
expression comes down to a sum of products of the basis vectors with each other:
3 3 3
R OET R oL 35 SR TART
i=1 j=1 i=1 j=1

Almost all the cross products of basis vectors vanish. The only one we need is the one that
defines the z axis:

€1 X €y =2¢€3,

and cyclic permutations of this. If the order is reversed, so is the sign: e, x e¢; = —e5. In
this way, we get

AXx B=¢e(A3Bs — A3Bs) + e4,(A3By — A1 Bs) + e4(A1 By — Ay By)
from which we deduce that

(A X B)l = (A2B3 — A3B2) , etc.

So finally, we have recovered the familiar expression in which the vector product is written
as a determinant:

€1 €9 €3
A X E = Al A2 Ag
B, B, B




If we were to take this as the definition of the vector product, it is easy to see that the
distributive property is obeyed. But now, how do we know that the geometrical properties
of Ax B are satisfied? One way of closing this loop is to derive the determinant expression in
another way. If Ax B = C, then C' must be perpendicular to both vectors: A-C = B-C = 0.
With some effort these simultaneous equations can be solved to find the components of C
(within some arbitrary scaling factor, since there are only two equations for three compo-
nents). Or we can start by assuming the determinant and show that A x B is perpendicular
to A and B and has magnitude AB sin f. Again, this is quite a bit of algebra. For the present,
we content ourselves with checking a simple test case, where we choose A = (A4,0,0) along
the x axis, and B = (B, Bs,0) in the zy plane. This gives A x B = (0,0, AB,), which points
in the z direction as required. From the scalar product, cos = AB;/AB = By/B (where
B = \/B? + B2), so sinf = /1 —cos?0 = \/1 — B}/B? = By/B. Hence AB, = ABsin0,

as required.

Summary of properties of vector product

[ES
X
|
Il
o
=
S
|
o
=
@
ge;
I
=
=
s

1.2.4 The vector product in Physics

(i) Angular velocity

Consider a point in a rigid body rotating with angular velocity w: |w| is the angular speed
of rotation measured in radians per second and @ lies along the axis of rotation. Let the
position vector of the point with respect to an origin O on the axis of rotation be r.

w

You should convince yourself that v = w x r by checking that this
< gives the right direction for v; that it is perpendlcular to the plane
of w and r; that the magnitude |v| = wrsinf = wx radius of circle
in which the point is travelling

(ii) Angular momentum

Now consider the angular momentum of the particle defined by L = r x (mv) where m is
the mass of the particle.

Using the above expression for v we obtain

L=mrx(wxr)=mw?—r(r-w)
where we have used the identity for the vector triple product. Note that L = 0 if w and r
are parallel. Note also that only if r is perpendicular to w do we obtain L mwr? Wthh
means that only then are L and w in the same direction.



(iii) Torque

This last result sounds peculiar, but makes a good example of how physical laws are inde-
pendent of coordinates. The torque or moment of a force about the origin G = r x F
where 7 is the position vector of the point where the force is acting and F is the force vector
through that point. Torque causes angular momentum to change:

Eé:ixngrfxmg:OanxE:g

If the origin is in the centre of the circle, then the centripetal force generates zero torque
— but otherwise G is nonzero. This means that L has to change with time. Here, we have
assumed that the vector product obeys the product rule under differentiation. This will be
easy to prove a little later.

1.2.5 The scalar triple product

By introducing a third vector, we extend the geometrical idea of an area to the volume of
the parallelipiped. The scalar triple product is defined as follows

(4,B,C) = A-(BxC)

Notes

(i) If A, B and C are three concurrent edges of a parallelepiped, the volume is (A, B, C).
To see this, note that:

area of the base = area of parallelogram Obdc
= B(Csinf=|BxC(C|
height = Acos¢=n-A
d volume = area of base x height
= BCsinfn-A
— A4-(Bx0)

(ii) If we choose C, A to define the base then a similar calculation gives volume = B-(C' x A)
We deduce the following symmetry /antisymmetry properties:

(é7§7Q> = (E’Q7é) = (Q’A7§) = _(éag’ B) = _(B’évg) = _(Q7§7é)

If A, B and C are coplanar (i.e. all three vectors lie in the
same plane) then V = (A, B,C) = 0, and vice-versa.

(iii)

10



It is easy to write down an expression for the scalar triple product in terms of components:

A-(BxC) = Y A(BxQ)

= A1(3203 — 0233) — AQ(Bng — OlBg> + A3<B102 — 01B2>

A Ay Aj
= | By By DBj
C, Cy Cs

The symmetry properties of the scalar triple product may be deduced from this by noting
that interchanging two rows (or columns) changes the value by a factor —1.

1.2.6 The vector triple product

There are several ways of combining 3 vectors to form a new vector.
e.g. Ax (B xC); (Ax B) x C, etc. Note carefully that brackets are important, since

Ax(BxC) # (AxB)xC.

Expressions involving two (or more) vector products can be simplified by using the identity

Ax(BxC) = B(A-C)~C(A-B)

This is a result you must memorise (say “back cab” and picture a ‘black cab’ taxi reversing).
If you worry that you may have misremembered the bracket order, remember that (Ax B)xC
would have to be orthogonal to C' and hence made up from A and B.

To prove this (or at least make it plausible), we can exploit the freedom to choose a basis,
and take coordinates such that C' = (0,0, C') points along the z axis. In this case,

€1 £o2 E3
QXQZ B1 BQ B3 = (CBQ,—OBl,O).
0o 0 C
€1 €9 €3
é X (E + Q) = Al A2 Ag = (CAgBl, OAgBQ, —[CAlBl + CAQBl])
CBy, —CB; 0

Finally, we write the result as a relation between vectors, in which case it becomes indepen-
dent of coordinates, in the same way as we deduced the centripetal force earlier.

1.2.7 Summary of coordinate-geometry approach to vectors

A vector is represented (in some orthonormal basis e, €,, € 5) by an ordered set of 3 numbers
with certain laws of addition.

e.g. A isrepresented by (Ay, Ay, A3);
A+ B isrepresented by (A + By, Ay + By, A3+ Bs) .

The various ‘products’ of vectors are defined as follows:

11



The Scalar Product is denoted by A - B and defined as
A- A= A? defines the magnitude A of the vector.

The Vector Product is denoted by A x B, and is defined in a right-handed basis as

1 £o2 E3

1A2 A3

NG [

AxB=

The Scalar Triple Product
(4,B,0)

Il
g
=
5
X
2

In all the above formula the summations imply sums over each index taking values 1,2, 3.

1.3 Equations of lines and planes

1.3.1 The Equation of a Line

Suppose that P lies on a line which passes through a point A which has a position vector a
with respect to an origin O. Let P have position vector r relative to O and let b be a vector
through the origin in a direction parallel to the line.

We may write
r=a+Ab

which is the parametric equation of the line i.e. as we vary
the parameter A from —oo to oo, r describes all points on the
line.

Rearranging and using b x b = 0, we can also write this as
(r—a)xb =10

or

where ¢ = a x b is normal to the plane containing the line and origin.

(i) r x b= cis an implicit equation for a line

(ii) r x b =0 is the equation of a line through the origin.

12



1.3.2 The Equation of a Plane

at L . L . .
A 5 P r is the position vector of an arbitrary point P on the plane
A = / a is the position vector of a fixed point A in the plane
b and c are parallel to the plane but non-collinear: b x ¢ # 0.
a r
O

We can express the vector AP in terms of b and ¢, so that:
r=a+AP = a+ A+ pc
for some A and p. This is the parametric equation of the plane.

We define the unit normal to the plane

X

| S

1o

|
Il

X

| S

o)

Since b-n = c¢-n = 0, we have the implicit equation

(r—a)-n = 0.
Alternatively, we can write this as
reno=opo,
where p = a - 1 is the perpendicular distance of the plane from the origin. Note: 7-a = 0

is the equation for a plane through the origin (with unit normal a/|a|).

This is a very important equation which you must be able to recognise. In algebraic terms,
it means that ax + by + cz + d = 0 is the equation of a plane.

1.3.3 Examples of Dealing with Vector Equations

Example 1: The intersection of two planes. Given two planes specified by normal vectors
n and m and distances of closest approach to the origin of a and [ respectively, what is
the equation of the line where they intersect? This line has the equation r = Ap + a, where
p lies in both planes, and a is the position vector of a point somewhere on the line. Now,
p has to be perpendicular to the two normals, so p = n x m does the job nicely. How do
we find a point on the line? It can be seen that one obvious point is the point of closest
approach, which must be in the plane that holds the vectors to the closest points of the
plane —i.e. n and m. Therefore, a must be a mixture of these two vectors — even if they are
not perpendicular, we can write



This gives a pair of simultaneous equations for x & y, whose solution is

Example 2: Is the following set of equations consistent?

X

e 1S

o 10

X

= 1=

Geometrical interpretation: the first equation is the (implicit) equation for a line whereas
the second equation is the (explicit) equation for a point. Thus the question is whether the
point is on the line. If we insert the 2nd into the into the lL.h.s. of the first we find

rxb=(axc)xb=-bx(axc)=—al

| S

o) +cla-d)
Now b-c=10b-(r x b) = 0 thus the previous equation becomes
(a-b)

so that, on comparing with the first given equation, we require

|3

X b=

Ne)

a-b=1

| S

for the equations to be consistent.

1.4 More on suffix notation

So far, we have been revising material that should have been relatively familiar. Now it
is time to introduce some more powerful tools — whose idea is to make vector calculations
quicker and easier to perform.

1.4.1 The Kronecker delta symbol ;;

We define the symbol §;; (pronounced “delta i j”), where i and j can take on the values 1 to
3, such that

0y = 1 ifi=j
= 0 ifij

i.e. 011 = 0gp = 033 = 1 and 012 = 013 = dp3 = -+ - = 0.

The equations satisfied by the orthonormal basis vectors e, can all now be written as

14



Notes

(i) Since there are two free indices i and j, e;-e; = d;; is equivalent to 9 equations
(i) 0;;j = 0ji [d.e. 95 is symmetric in its indices. ]

(iii) Z = 3 (=011 + 0o + 33)

(IV) Z] 1 A (5Jk = A1(51k -+ A252k + A3(53k

Remember that k is a free index. Thus if £ = 1 then only the first term on the rhs
contributes and rhs = Ay, similarly if £ = 2 then rhs = A, and if £ = 2 then rhs = As.
Thus we conclude that

> Aibie = A

In other words, the Kronecker delta picks out the kth term in the sum over j. This is
in particular true for the multiplication of two Kronecker deltas:

Z?Zl 0ij0ik = 0101k + 0i20ok + 0igd3r = ik

Generalising the reasoning in (iv) implies the so-called sifting property:

2?21 (anything );0,, = (anything )y

where (anything),; denotes any expression that has a free index j. In effect, §;; is a kind of
mathematical virus, whose main love in life it to replace the index you first thought of with
one of its own. Once you get used to this behaviour, it’s a very powerful trick.

Examples of the use of this symbol are:

3 3
L. A-g; = (ZA&Z) ey = Y Aileigy)
=1 =1

3
= ZAi(Sij = A;, since terms with ¢ # j vanish.

2. A-B = (im) (ZB@)
- YY) - Y

3
i=1 j=1 =1 j=
3

3
j=1

=1

3

AiBj(sij
1

Matrix representation of ¢;;

We may label the elements of a (3 x 3) matrix M as M;;

K

My, My M
g = My My Mo
Mz Mz Mss

15



Note the ‘double-underline’ convention that we shall use to denote matrices and distinguish
them from vectors and scalars. Textbooks normally use a different convention and denote a
matrix in bold, M, but this is not practical for writing matrices by hand.

Thus we see that if we write §;; as a matrix we find that it is the identity matrix /.

5ij -

o O =
o = O
—_ o O

1.4.2 Einstein summation convention

As you will have noticed, the novelty of writing out summations in full soon wears thin.
A way to avoid this tedium is to adopt the Einstein summation convention; by adhering
strictly to the following rules the summation signs are suppressed.

Rules

(i) Omit summation signs

(ii) If a suffix appears twice, a summation is implied e.g. A;B; = A1 By + AsBs + A3 B3
Here 7 is a dummy index.

(iii) If a suffix appears only once it can take any value e.g. A; = B; holds for i = 1,2,3
Here i is a free index. Note that there may be more than one free index. Always check
that the free indices match on both sides of an equation e.g. A; = B; is WRONG.

(iv) A given suffix must not appear more than twice in any term of an expression. Again,
always check that there are no multiple indices e.g. A;B;C; is WRONG.

Examples
A= Ae; here 1 is a dummy index.
A- €;= Ase; €= Aidij = A;j here i is a dummy index but j is a free index.
A-B=(Ae,;) (Bje;) = AiB;di; = A;B; here i,j are dummy indices.
(A-B)(A-C) = A;B;A;C; again i,j are dummy indices.

Armed with the summation convention one can rewrite many of the equations of the previous
lecture without summation signs e.g. the sifting property of d;; now becomes
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so that, for example, d;;0;; = dix

From now on, except where indicated, the summation convention will be assumed.
You should make sure that you are completely at ease with it.

1.4.3 Levi-Civita symbol ¢;;;
We saw in the last lecture how ¢d;; could be used to greatly simplify the writing out of the
orthonormality condition on basis vectors.

We seek to make a similar simplification for the vector products of basis vectors i.e. we seek
a simple, uniform way of writing the equations

€1 X€yg=E€3 €9XE€1= €3

To do so we define the Levi-Civita symbol €;;; (pronounced ‘epsilon i j k’), where 7, j and k
can take on the values 1 to 3, such that

€jr = -+1if ijk is an even permutation of 123 ;
—1 if 75k is an odd permutation of 123 ;

= 0 otherwise (i.e. 2 or more indices are the same) .

An even permutation consists of an even number of transpositions.
An odd permutations consists of an odd number of transpositions.

For example, €103 = +1;
€913 = —1 { since (123) — (213) under one transposition [1 < 2|} ;
esi2 = +1{(123) — (132) — (312); 2 transpositions; [2 <> 3][1 < 3]};
€113 — O, €111 — O, etc.
€123 = €231 = €312 = +1; €213 = €391 = €133 = —1; all others =0 .

1.4.4 Vector product

The equations satisfied by the vector products of the (right-handed) orthonormal basis vec-
tors e, can now be written uniformly as

I
X
®

i XEj = CijkCy (Zaj = 17273) .

For example,

€1 X €y = €121 €1 T €0 Eyt+€E23Ey = €3 ; €1 Xe = €111 €1+ €29+ e€113€3 = 0
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Also,
AxB = A;Bje; xe;

= €k AiBj [

Thus we can see the very important and useful relation for the components of the vector
product:

(A X @)k = EijkAiBj

Example: differentiation of A x B

Now we can prove the result we assumed earlier in differentiating A x B:

d d
G Ax B = (e AiBjey),
but €;;, and e, are not functions of time, so we can use the ordinary product rule on the

numbers A; and B;:

d . . . .
G A X B = (e AiBjei) + (ejp AiBjer) = Ax B+ Ax B.
Cyclic symmetry of ¢;;;
The epsilon symbol obeys the useful relation
€ijk = €kij = €jki — €k = —E€kj = —€kj;

This holds for any choice of 7, j and k. To understand this note that converting e.g. ijk to kij
requires two pairwise swaps involving k, so there is no sign change after a cyclic permutation.
This means that we can find alternative forms for the components of the vector product:

(AX B)r = € AiBj = €5 AiB;
or relabelling indices k—i 1i—75 57—k

(AXB)i = €ri A;By = € A; By .

The scalar triple product can also be written using €; ;s

(4,B,C)=A-(BxC)=Ai(BxC)

(4, B,C) = €iji. AiB;Cy. .

Example: cyclic symmetry of the scalar triple product

(A,B,C) = e AiB;Cy
= —€in; AiB;Cy interchanging two indices of €,
= g AiB;Cy interchanging two indices again
= €;r A;BrC; relabelling indices k—i 1 —j j—k
= € CiA; B = (C, A, B)
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1.4.5 Product of two Levi-Civita symbols

The product of two Levi-Civita symbols obeys the following truly horrible-looking identity:
€ijk €rsk = 5ir5js - 5i85j7"'
Proving that this is true is a painful exercise, which is certainly not examinable (nor is

remembering the result). The reason we might want to think about such a combination
is if we wanted a more rigorous proof of ‘BAC-CAB’ rule. Consider the i*" component of

Ax (B x C)
(Ax(BxQO)], = eudi(BxO
= €k Ajerrs BCs = € €rar A B C
= (0ir 0js — 0is 05r) A B, C
= (A4;B,C; — A;B;C;)
~ B(A-C)- (4B

= [B(A4-C)-C(4-B)]

— = i

This gives the same result that we obtained more simply by a special choice of z axis.

1.5 Coordinate transformations and change of basis
1.5.1 Linear transformation of basis

Suppose {e;} and {e,;'} are two different orthonormal bases. The new basis vectors must
have components in the old basis, so clearly e, can be written as a linear combination of
the vectors e, e4,€5:

e = Aie; + Age, + Aises

with similar expressions for e,” and e5’. In summary,

A
€, = )\iij

(assuming summation convention) where \;; (i = 1,2,3 and j = 1,2,3) are the 9 numbers
relating the basis vectors e,’, e, and e, to the basis vectors e, e, and e5.

Notes

(i) A;; are nine numbers defining the change of basis or ‘linear transformation’. They are
sometimes known as ‘direction cosines’.

(i) Since e,” are orthonormal

’ I
€; " €; = dij -

Now the Lh.s. of this equation may be written as
(Niker) - (Njeey) = XNikdje (€ - €0) = NikAjedre = ik Ajik

(in the final step we have used the sifting property of dx,) and we deduce

AikAjk = 04j
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(i) In order to determine \;; from the two bases consider

/
7

IS

ey, = (Aiver)e; =ik Ogj = Nij -

Thus

1.5.2 Inverse relations

Consider expressing the unprimed basis in terms of the primed basis and suppose that
/

€= Hij €5 -
Then Mi = e;' e, = wij(er - e;’) = i Onj = fan so that
Lij = Aji
Note that e, e = dij = i (e - Qj) = AriAk; and so we obtain a second relation
Mkidg; = Oij |-

1.5.3 The transformation matrix

We may label the elements of a 3 x 3 matrix M as M,;, where 7 labels the row and j labels
the column in which M;; appears: o

My, My Mg
ﬂ = My My Mo
M3y Msy  Mss

The summation convention can be used to describe matrix multiplication. The 75 component
of a product of two 3 x 3 matrices M, N is given by

(MN);; = M;y Nij + My Noj + Mz N3j = M, Ny

Likewise, recalling the definition of the transpose of a matrix (M7);; = M,

(MTN)ij = (M")i:Nij = M Ny

We can thus arrange the numbers );; as elements of a square matrix, denoted by A and
known as the transformation matrix:

Al A2 A
é = A1 Aoa Ao
A1 As2 Ass

We denote the matrix transpose by AT and define it by (AT);; = \j; so we see that = AT
is the transformation matrix for the inverse transformation. B

We also note that ¢;; may be thought of as elements of a 3 x 3 unit matrix:
20



011 012 013 100
do1 022 033 | =1 0 1 0 =1
031 032 033 0 01 -

i.e. the matrix representation of the Kronecker delta symbol is the unit matrix /.

The inverse relation \jgAjr = AkiAx; = 0;; can be written in matrix notation as

ie. | N = \T

1>
N
>
|
I~

>~

AT =

This is the definition of an orthogonal matrix and the transformation (from the e, basis
to the e, basis) is called an orthogonal transformation.

Now from the properties of determinants, |A\\"| = |I| = 1 = |A| [\T| and |A\T| = |A|, we have

that |A\|*> = 1 hence
N = £1.

If |A] = 41 the orthogonal transformation is said to be ‘proper’

If [A\| = —1 the orthogonal transformation is said to be ‘improper’

Handedness of basis

An improper transformation has an unusual effect. In the usual Cartesian basis that we
have considered up to now, the basis vectors e, e,, and e form a right-handed basis, that
I8, €1 X €y =€3,€69 X E3=2¢€,4 anng Xe; =€y

However, we could choose e; X e, = —e, and so on, in which case the basis is said to be
left-handed.

right handed left handed
€3 €9
€9 €3
€1 €1
€3 = €1 XEy €3 = £2X¢6
€1 = €E2X¢€3 €1 = E3X &
€y = E3X¢€ €2 = £1XE3
(217§2:§3):1 (e, €a, e3) =—1

1.5.4 Examples of orthogonal transformations

Rotation about the e, axis. We have e,’ = e, and thus for a rotation through 6,
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§3/ €1 §1/'§3:Q3,'§2:§2,'§3:07 23/ e3=1
e/ e, = cosb
e/ e, = cos(n/2—0) = sinb
ey e, = cosb
ey e, = cos(m/2+0) = —sinf
Thus cosf sinf 0
A= —sinf cosf 0
0 0 1

It is easy to check that A AT = 1. Since |A| = cos? § +sin? = 1, this is a proper transforma-
tion. Note that rotations cannot change the handedness of the basis vectors.

Inversion or Parity transformation. This is defined such that e,” = —e,.
-1 0 0
i.e. )\ij = _5ij or A= 0 —1 0 = —£
0 0 -1 B
e

Clearly A\ = I. Since |\| = —1, this

. == = . —_—
is an improper transformation. Note e,
that the handedness of the basis is re-
rh. basis Lhbesis
Reflection. Consider reflection of the axes in e,—€5 plane so that e, = —e,, e, =€, and
es’ = e5. The transformation matrix is
-1 00

A= 0 10

B 0 01
Since |A\| = —1, this is an improper transformation. Again the handedness of the basis

changes.

1.5.5 Products of transformations

Consider a transformation A to the basis {¢;'} followed by a transformation p to another
basis {e,”} -
A p
e, = ¢ i/ — ¢ i//

£

Clearly there must be an orthogonal transformation e, = ¢,”

Now

n __ ! —
e = pije; = pijAixer, = (PA)ivey S0

oy
I

IpS

>
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Note the order of the product: the matrix corresponding to the first change of basis stands
to the right of that for the second change of basis. In general, transformations do not
commute so that p A # A Ap. Only the inversion and identity transformations commute with

all transformations.

Example: Rotation of § about e, then reflection in yz plane

-1 0 0 cos@ sinf 0 —cosf —sinf 0
0 10 —sinf cosf 0 = —sinf cosf@ 0
0 01 0 0 1 0 0 1

whereas, if we reverse the order,

cosf sinf 0 -1 0 0 —cosf sinf 0
—sinf@ cosf 0 0 10 = sinf cosf 0
0 0 1 0 0 1 0 0 1

1.5.6 Improper transformations

We may write any improper transformation £ (for which (| = —1) as { = (— ) A where A=
—{ and |A| = 41 Thus an improper transformation can always be expressed as a proper

transformation followed by an inversion.

e.g. consider & for a reflection in the 1 — 3 plane which may be written as

1 0 0 -1 0 0 -1 0 0
=10 -1 0 ]= 0 -1 0 0 1 0
B 0 0 1 0O 0 -1 0 0 -1

Identifying A from § = (—i) A we see that A is a rotation of 7 about e,.

1.6 Transformation properties of vectors and scalars
1.6.1 Transformation of vector components

Let A be any vector, with components A; in the basis {e;} and A} in the basis {e,'} i.e.

The components are related as follows, taking care with dummy indices:

A= A-el = (Ajey) e/ = (e - e))A; = N4,

A; = /\ijAj
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So the new components are related to the old ones by the same matrix transformation as
applies to the basis vectors. The inverse transformation works in a similar way:

A= Ae; = ( wer) e = Midy = (/\T)z’kA;g~
Note carefully that we do not put a prime on the vector itself — there is only one vector, A,

in the above discussion.

However, the components of this vector are different in different bases, and so are denoted
by A; in the basis {e,}, A} in the basis {e,'}, etc.

In matrix form we can write these relations as

A Air Az Az Ay Ay
Ay | =1 A1 A2 A Ay | =X A
A Azl Az2 Asg As As

Example: Consider a rotation of the axes about e

Al cosf) sinf 0 Ay cosf Ay +sinf A,
A, | = —sinf cosf 0 Ay | = | cosf Ay —sinf A,
A, 0 0 1 As As

A direct check of this using trigonometric considerations is significantly harder!

1.6.2 The Transformation of the scalar product

Let A and B be vectors with components A; and B; in the basis {e;} and components A;
and B; in the basis {e¢,'}. In the basis {e,}, the scalar product, denoted by (A - B), is

(A-B) = AiB;.
In the basis {e,'}, we denote the scalar product by (A - B)’, and we have

(A-B)" = ABi =\jA\aBr = 0;4;Bx
= A;B;=(A-B).
Thus the scalar product is the same evaluated in any basis. This is of course expected from

the geometrical definition of scalar product which is independent of basis. We say that the
scalar product is invariant under a change of basis.

Summary We have now obtained an algebraic definition of scalar and vector quantities.
Under the orthogonal transformation from the basis {e,} to the basis {e,'}, defined by the
transformation matrix A : e,/ = \;j e ;» we have that

e A scalar is a single number ¢ which is invariant:

¢ =0¢
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Of course, not all scalar quantities in physics are expressible as the scalar product of
two vectors e.g. mass, temperature.

e A vector is an ‘ordered triple’ of numbers A; which transforms to A} :

A/- = /\ijAj

(3

1.6.3 Transformation of the vector product

Improper transformations have an interesting effect on the vector product. Consider the case
of inversion, so that e,/ = —e¢;, and all the signs of vector components are flipped: A} = —A;
etc.

If we now calculate the vector product C' = A x B in the new basis using the determinant
formula, we obtain

/

Q1/ 22/ €3 €1 €9 €3 €1 €9 €3
AL AL AL = (P A Ay Ay |=—| A A, A,
Bi Bé Bé B, By Bs By By Bs

which is —C' as calculated in the original basis!

This shouldn’t be surprising, since we defined the vector product direction in the first place
assuming a right-hand screw rule, and the determinant expression was derived assuming
that the basis was also right-handed. If we use this same formula in a left-handed basis, the
direction of the vector product produced by the formula is reversed compared to our original
definition.

The real solution to this is to stick to the geometrical definition, in which case the vector
product is always a well-defined entity (the notion of a right-handed screw is not changed
just because we use a left-handed basis).

But if we regard the simple determinant form as the definition of the vector product (which
is frequently what is assumed), then we have to live with the possibility of A x B flipping
sign. It is then an example of what is known as a ‘pseudovector’ or an ‘axial vector’ which
has the transformation law

so that it behaves just like a vector under proper transformations, for which det A = +1, but
picks up an extra minus sign under improper transformations, for which det A = —1.

1.6.4 Summary of story so far

We take the opportunity to summarise some key-points of what we have done so far. N.B.
this is NOT a list of everything you need to know.

Key points from geometrical approach
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You should recognise on sight that

T X ¢ isaline (r lies on a line)

2 |
I

r-a=d isa plane (r lies in a plane)

Useful properties of scalar and vector products to remember

a-b=0 & vectors orthogonal
axb=0 <& vectors collinear
a-(bxc)=0 <& vectors co-planar or linearly dependent
ax(bxe = bla-c)-cla-b

Key points of suffix notation

We label orthonormal basis vectors e, €4, €5 and write the expansion of a vector A as

3
A= Z Aie;
i=1

The Kronecker delta d;; can be used to express the orthonormality of the basis

€€y = 0ij

The Kronecker delta has a very useful sifting property
Z[. )0 = [ Ik
J

(eq,€9,€3) = £1 determines whether the basis is right- or left-handed

Key points of summation convention

Using the summation convention we have for example
A= Ase,
and the sifting property of d;; becomes
Lk =

We introduce ¢;j; to enable us to write the vector products of basis vectors in a r.h. basis in
a uniform way
€; X € = €k

The vector products and scalar triple products in a r.h. basis are

€1 €9 €3
AxB=| A Ay A;| orequivalently (A x B); = ¢€;,A;Bs
By By Bj
Al Ay Az
A-(BxC)=| By By B3| orequivalently A-(BxC) = €;A4;B;Cy
Cy Cy Cs
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Key points of change of basis
The new basis is written in terms of the old through

!/

e; = A\ije; where \j; are elements of a 3 X 3 transformation matrix A

A is an orthogonal matrix, the defining property of which is Afl = AT and this can be written
as

>~

éT = £ or )\zk>\]k = 6ij

|A| = 1 decides whether the transformation is proper or improper i.e. whether the hand-
edness of the basis is changed

Key points of algebraic approach

A scalar is defined as a number that is invariant under an orthogonal transformation

A vector is defined as an object A represented in a basis by numbers A; which transform
to A} through

A; = )\ijAj'
or in matrix form
Al Ay
A, = é Ay
Al As
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