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ABSTRACT
We present a study of hydrodynamic drag forces in smoothed particle hydrodynamic (SPH) simula-

tions. In particular, the deceleration of a resolution-limited cold clump of gas moving through a hot
medium is examined. The drag at subsonic velocities exceeds that expected from simple dynamics-based
arguments. The excess is shown to be a result of the hydrodynamic method. SPH encourages the accre-
tion of particles from the hot medium on to a shell around the cold clump, e†ectively increasing the
radius of the clump. For sonic and supersonic velocities, the e†ective area of the clump is shown to be
set by the symmetrized smoothing length. The relationship of the e†ective area to the smoothing length
breaks the expected dependency of drag on density since the symmetrized smoothing length increases
with decreasing density. The consequences for cosmological simulations are discussed.
Subject headings : galaxies : clusters : general È galaxies : kinematics and dynamics È hydrodynamics È

large-scale structure of universe È methods : numerical

1. INTRODUCTION

Numerical simulation has proved to be a powerful tool
for understanding the dynamics and formation history of
cosmic structure (Davis et al. 1992 ; Katz 1992 ; Cen et al.
1994 ; Evrard, Metzler, & Navarro 1996). When N-body
techniques are combined with a hydrodynamical method to
follow the baryonic component, further advancements can
be made as now no additional assumptions are required to
relate the baryonic material to the underlying collisionless
matter. Such a combination has proved to be both a
popular and powerful technique (Hernquist & Katz 1989 ;
Evrard 1990 ; Katz & Gunn 1991 ; Cen 1992 ; Navarro &
White 1993 ; Steinmetz & 1993 ; Ryu et al. 1993 ;Mu� ller
Bryan et al. 1994 ; Gnedin 1995 ; Steinmetz 1996). A
common method of implementing hydrodynamics in
N-body simulations is through the use of smoothed particle
hydrodynamics (SPH) (Gingold & Monaghan 1977 ; Lucy
1977). The great strength of SPH is that it is a Lagrangian
technique ; individual particles act as tracers of the Ñow and
better resolution can therefore be achieved in regions of
high tracer density. This behavior is a very desirable pro-
perty for cosmological simulations where extremely large
density contrasts are present and excellent spatial
resolution needs to be achieved within relatively large
volumes.

In the standard model of cosmological structure forma-
tion, larger structures are formed via the amalgamation of
smaller structures formed at earlier times. The structure
building occurs in a hierarchical fashion. In any simulation
in which structures form in this hierarchical manner, there
will be an abundance of objects formed at the resolution
limit of the simulation. The formation of these objects may

1 Much of this work was done at University of Western Ontario,
Department of Physics and Astronomy, London, ON, N6A 3K7,
Canada.

be avoided by the removal of the high-frequency waves
beyond a cut-o† much lower than the Nyquist frequency,
but this removes the structure that is of interest and alters
fundamental scaling relations (Tittley & Couchman 1999).
A particularly difficult problem is following these small,
resolution-limited halos as they are subsumed into larger
structures as the hierarchy progresses. It has been found
that much of the substructure in collisionless simulations is
erased unless very high resolution is employed (Ghigna et
al. 1998 ; Moore et al. 1999 ; Klypin, & KrastovGottlu� ober,
1999). The loss of substructure is the classic overmerging
problem (White 1976 ; van Kampen 1995 ; Summers et al.
1995 ; Moore, Katz, & Lake 1996).

With the inclusion of radiative cooling into the hydrody-
namic model, the baryonic material can dissipate energy
and become more tightly bound than the dark matter,
allowing individual objects to survive the hierarchical
process that builds up large structures (Summers et al. 1995 ;
Frenk et al. 1996). Klypin et al. (1999) argue that these
objects are not likely representative of bound gaseous struc-
tures in nature, since they are lacking the dark-matter halos
observed to dominate similar structures (Persic, Salucci, &
Stel 1996). As well, the dynamics of this set of objects may
now be a†ected by gas forces ; as Frenk et al. (1996) demon-
strate, the viscous drag due to the passage of a galaxy-sized
object through the hot intracluster medium of a cluster can
be sufficient to cause much of the material to spiral into the
center of the cluster.

For example, consider the simple model of a clump of
cold gas, embedded in a dark-matter halo, falling into the
potential well of a cluster. The signiÐcance of the hydrody-
namics and the resolution of the simulation is demonstrated
in Figure 1. The Ðgure illustrates the passage through a 1015

mixed-matter halo of a galaxy-group-sized halo com-M
_prised of, alternately, (1) only dark matter (1.5] 1012 ) ;M

_(2) only gas (2.3] 1011 ) ; and (3) both dark matter andM
_gas. The systems were simulated at resolutions spanning

69



12

13

14

15

16

17

M
pc

a

12 14 16 18
12

13

14

15

16

17

Mpc

M
pc

b

70 TITTLEY, PEARCE, & COUCHMAN Vol. 561

FIG. 1.ÈPath of clumps through a cluster halo. The data are given for
two resolutions corresponding to and 1.2 ] 109 (panels [a]m

g
\ 7.7 M

_and [b], respectively). In each panel, three paths are plotted correspond-
ing to a purely collisionless halo (dashed line), a purely gaseous halo (solid
line), and a mixed-matter halo (dot-dashed line). The isodensity contour
lines are for gas densities of 10~29 and 10~28 g cm ~3. The dark-matter
particles are 6.5 times more massive and equally as abundant as gas par-
ticles. The clump starts at the left, traveling to the right at 1000 km s ~1
(B1 Mpc Gyr,~1) with an impact parameter of 1 Mpc, and is followed for 1
Gyr.

almost a decade in mass resolution. The number of particles
in the cluster halo were either 30 or 200 thousand. The
numeric softening was kept constant for both resolutions,
e†ectively Ðxing the cross section of the clump. The con-
stancy of the cross section proves an important point : the
decrease in drag is not due simply to the clump being
smaller at higher resolutions. The details of the simulation
method are saved for later. What is important to note is
that for the most realistic scenario (that of the combined
dark-matterÈgas halo), the forces on the clump are domi-
nated by those on the dark-matter halo. That is to say, the
gas is bound to the dark matter and goes where the dark
matter takes it. For the gas halo on its own, the drag forces
are much more signiÐcant and pull the clump rapidly into
the center of the cluster halo. The drag rate is also clearly
a†ected by the resolution of the halo, increasing the drag at
lower resolutions. The increase in drag also a†ects the tra-
jectory of the mixed-matter clump, revealing that the
resolution does vary the deceleration rate of the more realis-

tic structures. Furthermore, the discrepancy between the
path of the gas-only clump and the mixed-matter clump
cannot be attributed to the mass di†erence only, since a
collisionless clump of the same mass as the gas-only traces
nearly the same path as the more massive collisionless
clump illustrated in Figure 1.

There is a discrepancy in the importance of drag between
the simulations of Frenk et al. (1996) and those of Katz et al.
(Katz, Hernquist, & Weinberg 1992 ; Katz, Weinberg, &
Hernquist 1996). Those of Frenk et al. Ðnd the viscous drag
causes galaxy-sized objects to spiral into the center of the
cluster. The simulations of Katz et al. have little di†erence
in the merger rate of galaxy-sized substructure in simula-
tions of cluster formation in which the galaxies are modeled
by either collisional or collisionless matter. The di†erence
may be due to the survival rate of the dark-matter halos in
which the galaxies are embedded. If these halos evaporate
owing to numerical e†ects (two-body interactions, particle-
subhalo heating, etc.), then the baryonic material will
quickly be consumed into the center of the cluster. Neither
set of authors describes the survival of their dark-matter
halos, so the discrepancy is not yet resolved. What is clear is
that other e†ects, both physical and numerical in nature,
not related to the SPH algorithm have an impact on the
survival and merging of substructure in halos. A study of
these pure N-body e†ects is beyond the scope of this paper
and, indeed, has been done in a thorough manner elsewhere
(Carlberg 1994 ; van Kampen 1995 ; Moore et al. 1996 ;
Ghigna et al. 2000). This paper will concentrate on the con-
tribution of hydrodynamic drag for resolution-limited
objects, with particular attention to numerical e†ects.

Previous work has shown that numerical e†ects, at work
in SPH simulations, lead to excessive drag. In Thacker et al.
(2000), tests of a variety of implementations of SPH are
described. The implementations varied in the method of
force symmetrization, the form of the artiÐcial viscosity, and
the presence of a shear-correction term in the artiÐcial vis-
cosity. They were compared by probing the behavior of the
SPH implementations in a series of scenarios relevant to
cosmological simulations. Included in this series is the drag
experienced by a cold clump traveling through a hot
medium. It was concluded that the drag on the cold clumps
is excessive when SPH is used, independent of the imple-
mentation method. The reason for this behavior was not
explored, nor was the behavior extensively characterized.

Ritchie & Thomas (2001) describe multiphase-SPH
(SPHM), a modiÐed SPH that alleviates the problems
encountered when gases widely separated in the o-T plane
intermix. The modiÐcations were introduced primarily to
contend with the supercooling phenomenon brought on in
SPH simulations when a hot gas surrounds a dense, cool
clump of gas. The hot gas, when encountering the cold
clump, has its SPH density estimate abruptly rise, signiÐ-
cantly lowering the cooling time. As will be shown, the
numerical process that leads to this supercooling is inti-
mately related to the process that increases drag in subsonic
clumps. Consequently, the drag experienced on the clumps
using SPHM should be decreased. The expectation is
indeed the case, as Ritchie & Thomas show. They leave it to
us to describe the numerical processes that lead to the over-
production of drag in the Ðrst place.

This paper is an extension of the drag tests described in
Thacker et al. (2000). In this paper we investigate the
numerical processes that control the strength of the viscous
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drag of a hot medium on a resolution-limited cold clump of
gas within a smoothed particle hydrodynamic (SPH)
method. This study is accomplished through the use of
numerical simulations of the simple scenario in which a cold
gaseous halo is passed through a hot, uniform medium.
Three velocity regimes are explored : subsonic, sonic, and
supersonic. Analysis is assisted by a comparison of the
actual deceleration observed for our clumps with that pre-
dicted from simple theoretical arguments.

The models for the clumps are intentionally simple. We
study what are essentially resolution dominated spheres of
material moving within a uniform density hot medium.
Such objects are typical of the galaxies or groups of galaxies
formed in cosmological simulations of structure formation
where most of the objects have masses and physical extents
near to the resolution limit of the simulation (Pearce et al.
1999). It is important to note that regardless of the
resolution, without removal by modiÐcation of the initial
power spectrum, resolution-limited structures will form and
play a role in the development of the larger structures.

The paper is laid out as follows. The details of the
numerical method are given in ° 2. The expected drag is
given in ° 3 as well as the description of how the drag
derived from the models is compared to the expected. The
model clump-halo systems are described in ° 4. A compari-
son between the expected and the actual deceleration found
in our models for a variety of Mach numbers is presented in
° 5 and discussed in ° 6. In the Appendix we give the details
of the expected drag.

2. NUMERICAL METHOD

The implementation of SPH used here is based on the
N-body hydrodynamic code, hydra as described in Thacker
et al. (2000). A complete description of the methods for
generating the symmetrical hydrodynamic forces is also
contained in Thacker et al..

For some of the tests (described in ° 4), the method for
symmetrization of the hydrodynamic forces in the SPH
code was varied. The options explored are symmetrization
via averaging the smoothing kernels, andW (r

ij
, h

i
)

calculated for each pair of particles or averagingW (r
ji
, h

j
),

the smoothing lengths, and of each pair and then usingh
i

h
j
,

only the one kernel value, For the rest of theW (r
ij
, h

ij
).

tests, symmetrization of the force equation is provided by
arithmetic averaging of the smoothing lengths.

The smoothing lengths, are updated on a per-iterationh
i
,

basis. The update is accomplished by weighting the pre-
vious value by a factor that is a function of the actual
number of neighbor particles, found during the iter-Nneigh,ation, within the radius of 2h. Consequently, gener-Nneighally approximates but does not often equalNSPH NSPHunless it is in a region of the simulation volume where the
dynamic timescale is far greater than the iterative timescale.
For regions where the dynamic timescale is short, a limit is
placed on the iterative timescale. The goal of the iterative
approach is to prevent which is achievedNneigh>NSPH,
remarkably well is never less than in a rotat-(Nneigh 0.8NSPHing cloud test (Thacker et al.). In practice, there is also a
minimum value of at the resolution limit, soh

i
Nneigh?

in regions of high density.NSPHWe use a Monaghan-type artiÐcial viscosity. Since it was
demonstrated in Thacker et al. that the general behavior of
the drag is not a†ected by the presence of a Balsara term
(Balsara 1995), which reduces the viscosity in the presence

of shear, one was not included in the implementation of
SPH used.

The gas was not cooled radiatively. Cooling could lead to
accretion of particles on to the cold clumps, which would
make the analysis more difficult.

For the calculation of the gravitational forces, hydra uses
an adaptive particle-particle, particle-mesh method (AP3M;
Couchman 1991). The minimum resolution is set by the
gravitational softening length, which is 72 kpc. The
minimum value for the smoothing length parameter, ish

i
, 12of the gravitational softening length.

All forces are periodic across the boundaries of the simu-
lation cube.

3. EXPECTED DECELERATION

There are two important caveats to any calculation of the
expected drag. Since this paper examines the forces on
resolution-limited objects, an estimate of the expected
deceleration must necessarily ignore many physical pheno-
mena that could also disrupt the objects and alter their
deceleration. For example, ram-pressure stripping and abla-
tion due to the Kelvin-Helmholtz instability would remove
material from the infalling clumps. These processes can
occur on a timescale shorter than the dynamic scale of sub-
structure in clusters. Dwarf galaxies, for example, lose
material as a result of ablation in about 2 Gyr (Ga) (Mori &
Burkert 2000), with only a weak dependence on the total
initial mass of the galaxy. The mass-loss rate by this process
is related to the force of drag and the clump velocity simply
by (Nulsen 1982). The relation implies the time-M0 B F

D
/V

scale of deceleration, is equal to the mass-losst
D

\MV /F
D
,

timescale, In the opposite sense, cooling of thet
M0

\ M/M0 .
gas on to the clump (Balsara, Livio, & OÏDea 1994) and
ultimately into stars retards mass loss, though feedback
from the subsequent supernovae heats the gas, gravita-
tionally unbinding it. However, these processes could only
be modeled in simulations if the objects were resolved,
which is not our present concern, here. Consequently, we
will focus simply on the drag felt by a solid sphere that is at
the resolution limit of the SPH simulation.

The second caveat pertains to the estimate of drag, itself.
The force felt on the object is a combination of deceleration
due to specular reÑection, di†use reÑection, accretion, and
evaporation. Even presuming that the last two are nil, there
are no comprehensive data available in the literature con-
cerning the relative fraction of specular and di†use reÑec-
tion for combinations of materials and media encountered
in laboratories (Chen 1997), let alone in astrophysics. T he
estimate of the drag presented here should only be taken as an
approximation in amplitude and in form.

It is not necessary to deduce the true drag that would be
felt by such an object in order to characterize the numerical
e†ects since, over the relatively narrow range in velocities
explored (about a decade), the estimated and measured drag
should di†er only by a constant factor. That is to say, if the
numerics are not introducing any velocity-dependent
e†ects, the drag should be correct to within a normalization
constant with the error coming from either non-velocity
dependent numerical e†ects or errors in the determination
of the proper drag equation.

The only important parameters relating to the sphere are
its radius, R, and the velocity, V , relative to the medium.
The signiÐcant parameters of the gas are its density, ando

g
,

temperature, T . The drag is a function of R, V , and aso
g
,
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well as the coefficient of drag for a sphere, The coeffi-C
D
.

cient of drag, in turn, is a function of the Reynolds number,
Re, which is a function of the size and velocity of the sphere,
as well as the dynamic viscosity, g. The dynamic viscosity is
peculiar only to the parameters of the enveloping medium
and is the biggest unknown.

The drag on a sphere moving through a Ñuid medium at
any speed is given by the expression

F
D

\ 12C
D
(Re)o

g
V 2nR2 , (1)

where is the coefficient of drag and is, itself, a func-C
D
(Re)

tion of velocity, particularly at low velocity (see eq. [A2]).
The part of the expression is derivable simply byo

g
V 2nR2

considering a bucket sweeping up all the material it encoun-
ters with the subsequent deceleration due to momentum
conservation. In this simple case, C

D
\ 2.

Deviation from the simple bucket model can lead to
larger or smaller drags. Since not all the gas that is swept up
continues with the same forward momentum as the clump,
the actual momentum required to accelerate the gas can be
much less, leading to a lesser deceleration. On the contrary,
the bow wave can extend the range of inÑuence of the clump
to larger radii than R, increasing the deceleration. Conse-
quently, varies from greater than 10 to as the Rey-C

D
, 12nolds number increases and must be calculated for each

model system and clump velocity.
The full description and derivation of the equations for

Re, and g used in the analysis are given in the Appendix.C
D
,

Fitting equation (1), given V , and a calculated valueF
D
,

for appropriate to the velocity of the clump, gives anC
De†ective radius, The value should be constant for aReff.given model system, independent of velocity. It incorporates

any normalization factor by which equation (1) may be o†.
Hence, variation in as other parameters are altered is inReffitself indicative of e†ects beyond those strictly hydrody-
namic in nature.

A preliminary estimate of may be made as follows.ReffFor the clump particles, the smoothing length, is sethclump,to the minimum allowable value, as determined by the
gravitational softening length. We could just choose Reff \

However, because of the symmetrization inherent in2hclump.the SPH method, the smoothing length of the hot particles
is also important and it is some combination of this length
with the smoothing length of the cold particles that is
required. We will assume that the appropriate radius is that
radius at which the clump particles contribute an equivalent
amount to the SPH density calculation for a hot gas parti-
cle as the hot particle itself. That is,

NclumpW (Reff, h
ij
)\ W (0, hhot) (2)

where we have assumed that all the cold clump particles are
at essentially the same distance. Since Nclump? W (0, hhot),this implies which gives sinceW (Reff, h

ij
)^ 0, Reff ^ 2h

ijthe kernel function, W (r, h), is negligible only at r ^ 2h.
Hence, it is expected that the e†ective radius should be
approximately twice the symmetrized smoothing length.

4. MODEL SYSTEMS

The tests in this paper are variations on the same theme:
a cold clump moving through a hot medium. The clump
may be allowed to slow or be forced to maintain a constant
velocity, depending on the needs of the particular test. The
sole exception to this theme is the clump-halo simulation,
which is described below in set 4.

Our models attempt to mimic the conditions encountered
as a resolution-limited cold clump of the size of a group of
galaxies passes through the halo of a galaxy cluster. As
noted in the introduction, the presence of a dark-matter
halo impedes the deceleration of a clump in simulations due
to the inertia it adds to the system. However, no dark-
matter halo is included in these test simulations since (1) the
cold gas is sufficiently bound by self-gravity to withstand
stripping forces (see ° 3 for the caveat concerning mass-loss)
; (2) the presence of a dark-matter halo would add com-
plication to the analysis owing to the consequent dynamic
friction it would experience.

The clumps of cold gas are essentially structureless
spheres, lying at the resolution limit of the code. They rep-
resent the Ðrst (and most common) structures to form in a
cosmological simulation of hierarchical clustering and are,
consequently, the dominant source of material during the
creation of larger structures (Fardal et al. 2000 ; Kay et al.
2000). The gas in the clumps is cold (104 K ) since the dense
gas cools rapidly to this temperature through a radiative
process.

The clump sizes are large for their mass ( RD 70 kpc ),
which is typical of unresolved structures in simulations of
large-scale structure. As will be shown, the e†ective size of
objects is determined signiÐcantly by the local number
density of particles in the surrounding medium.

Within a typical cosmological simulation the halos of
galaxy clusters are hot K) and more di†use than the([108
cold clumps because the hot halo gas is sitting close to virial
equilibrium within the cluster potential well. The hot halo
of galaxy clusters are observed through the X-ray emission
(see Horner et al. (1999), for examples). Consequently, the
hot media in our models are at temperatures of 107 or 108 K
and are 1/100 as dense as the cold clumps. Given the density
and temperature di†erences, the pressure is 10È100 times
greater in the hot medium than the cold clump. This is not a
concern since at the resolution limit, one should not expect
the pressure gradient to be resolved. Indeed, at distances
much less than the radius of the smoothing kernel, typical of
the separation of particles within the cold clump, the SPH
pressure gradient is negligible regardless of the di†erence in
temperature of particles.

The sound speed is approximated by

V
s
\
Ack T

km
u

B1@2
, (3)

for which for an ideal monotonic gas. The relationc\ 53gives speeds of 484 and 1529 km s ~1 for the 107 or 108 K
gases, respectively. These velocities will be referenced
nominally as 500 and 1500 km s~1.

The hot gas is in a glass conÐguration. The gas was pre-
pared from an initially random placement of particles which
was subsequently allowed to relax to a stable state. The cold
clump was created by randomly placing stationary gas par-
ticles within a sphere of radius equal to the gravitational
softening length then allowing them to relax in isolation in
response to both gravitational and hydrodynamic forces.
The two systems were then combined.

The Jeans length, for the hot gas phases is sufficientlyRJ,large to ensure stability even in the presence of the pertur-
bation from the cold clump. The condition insures that
dynamic friction should not be important. This expectation
was conÐrmed by passing a collisionless clump through the
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hot mediumÈit experienced negligible deceleration. For a
discussion of dynamic friction in systems with hydrody-
namics, see Ostriker (1999).

The models have periodic boundary conditions to main-
tain a uniformity of temperature and density in the hot
medium. A box length of 2 Mpc was chosen so the cold
clump was both well separated from its images (arising from
the periodic boundary conditions) and would move across
the box only once without encountering its own wake.

In total, 41 model systems in a total of six sets were
examined :

Set 1 : Drag versus Mach number.ÈThe 12 models in this
set each consist of a knot of 100 cold particles (T \ 104 K )
of total mass, 2 ] 1011 moving through a uniform dis-M

_tribution of 13,000 hotter particles (T \ 107 or 108 K ). The
radius of the clumps is determined by the minimum SPH
smoothing length which is 36 kpc in these simulations. The
velocities of the clumps were Ðxed and spanned 100 to 1000
km s ~1 (M\ 0.2 to 2) in the 107 K gas and 150 to 2250 km
s ~1 (M\ 0.1 to 1.5) in the 108 K gas. The velocity of
sound, in the media is either 500 or 1500 km s~1, withV

s
,

the larger corresponding to the hotter gas. The JeansV
slength for the hot media are 6 and 18 Mpc, respectively. The

density contrast between the clump and the medium is 100
with a gas density of 2 ] 10~28 g cm ~3 for the hot medium.
There is no dark matter.

Set 2 : E†ective radius versus particle number density.È
The nine models used here are similar to those used in set 1.
However, only three clumpÈhot-medium combinations
were examined : (500 km s~1 clump in a 108 KM\ 13medium), M\ 1 (500 km s ~1 clump in a 107 K medium),
and M\ 2 (1000 km s ~1 clump in a 107 K medium). Each
combination was simulated three times, varying the number
density of particles in both the clump and hot medium with
the higher number densities being 2 and 5 times the initial
number density. The mass density was not varied. The
clumps were permitted to decelerate.

Set 3 : E†ective radius versus mass density.ÈSimilar to set
2, for these nine models, the mass density was varied in the
hot medium along with the number density. Consequently,
the mass per particle was kept constant. Nothing was
changed for the clump; it contained 100 particles only with
the same mass per particle in each.

Set 4 : Clump-halo simulation.ÈThe set is the only one not
based on a clump moving through a uniform, hot gas. For
this set of seven simulations, already seen in the Intro-
duction, a clump was injected into a cluster halo at 1000 km
s ~1 and allowed to decelerate. The clumps were composed
of either gas and dark matter, just the dark matter, or just
the gas. For each of these three clumps, simulations were
performed twice with the mass resolution varied by a factor
of B7 between the two. In the low-resolution simulations,
the clumps had 30 particles of each species (for 60 total
particles for the mixed cluster) and the halo had 15,000 of
each. The mass per gas particle was m

g
\ 7.7] 109 M

_with the dark-matter particles being 6.5 times greater. For
the higher resolution, there were 200 of each species in the
clumps and 100,000 in the halo ). The(m

g
\ 1.2] 109 M

_clump gas was at a temperature of 104 K. The initial impact
parameter of the clump was 1 Mpc at 3 Mpc distance from
the cluster center. The cluster was simulated in a volume 30
Mpc on a side with isolated boundary conditions. A Ðnal,
seventh, simulation was performed for which the clump was
collisionless and of the same mass as the gas clump. This

Ðnal simulation was performed for only the low-resolution
case.

Set 5 : Method of SPH symmetrization.ÈSimilar to set 1,
three systems were modeled, varying the method of sym-
metrization between them. The clumps had their velocities
held at a constant velocity corresponding to the speed of
sound in the hot medium. The methods of symmetrization
implemented were kernel, arithmetic, and harmonic averag-
ing schemes.

Set 6 : SigniÐcance of clump size.ÈAlso similar to set 1,
two systems were modeled. In one, the gravity term was
modiÐed to contain a repulsive term that dominates at
short distances. The term spreads the particles in the cold
clump out within their smoothing radius. The long-range
forces are una†ected. The second system used the regular
gravitational force term.

5. RESULTS

Using the model clump-hot-gas systems described in ° 4,
a series of tests were performed to characterize the behavior
of the drag in three velocity regimes : subsonic, sonic, and
supersonic. The results of these tests are separated below
into those that pertain to all velocity regimes and those that
are peculiar to the subsonic.

5.1. V iscous Drag at All Velocities
Using the model systems on a set by set basis, the behav-

ior of the drag is examined in detail with the emphasis on
demonstrating the e†ect of various numerical e†ects.

5.1.1. T he Measured D versus the Fiducial Drag

The equation for the Ðducial drag, given by the analytic
expression equation (1), can be used to determine those
velocity regimes in which the drag is excessive, i.e., greater
than expected. Measurement of the drag on the clump,
when compared with the Ðducial amount, delineates those
velocities for which the drag is excessive. The measurements
were accomplished using the series of tests in set 1
(described in ° 4). The tests involved plowing a clump
through a uniform medium at various Ðxed velocities.

The drag expected for the clump was compared to the
measured drag by calculating the e†ective radius of the
clump using equation (1) in the various velocity regimes.
Note that the appropriate value for the coefficient of drag,

is calculated for each velocity so the transition fromC
D
,

to at low Reynolds number is implicitlyF
D

P V 2 F
D

P V
modeled. The behavior of the drag is illustrated by Figure 2,
which plots the e†ective radius, versus Mach number.Reff,The e†ective radius, and consequently the e†ective cross
section of the clump, is much larger than the estimated
value of at speeds less than M\ 1. SigniÐcantly, the2h

ijdeviation is dependent on the Mach number only, not the
velocity or the temperature of the hot media. The lack of
dependency on velocity demonstrates the velocity scale
invariance of the results presented in this paper.

At supersonic speeds there is an apparent convergence of
the e†ective radius to the expected radius, For the2h

ij
.

entire range, 0.2 \M\ 2, but particularly for M\ 1, the
e†ective radius follows the simple relation

Reff
h
ij

\ (2.4^ 0.2)M~1@2 , (4)
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FIG. 2.ÈE†ective radius of the clump as it varies with Mach number.
The data are given for both the 108 K km s~1 ; open circles) and(V

s
\ 1500

107 K gas km s~1 ; asterisk). The Ðt made to the curve is dis-(V
s
\ 500

cussed in the text. The line at is the expected value.Reff \ 2h
ij

which is also illustrated in Figure 2. However, while this
goes to zero at large Mach numbers, the data are consistent
with bottoming out at for M[ 1.Reff 2h

ijThe excessive drag at subsonic speeds manifests itself in
Figure 2 as a rapidly increasing e†ective radius toward
lower speeds. We will return to this point in ° 5.2, where the
cause of this phenomenon will be explored.

5.1.2. T he Scaling of the Drag with the Averaged Smoothing L ength

If the e†ective radius of the clump is truly set by the
radius of the combined smoothing length, as is argued inh

ij
,

° 3, then the drag on the clump should scale with this length.
To test this, the clump was passed through three media of
the same physical density, but di†ering number density, nhot,of hot gas particles (set 2 of simulations as described in ° 4).
Since the smoothing length, scales with this varieshhot, nhot1@3,
the mean smoothing length of the hot gas and consequently
the combined smoothing length, The test was done forh

ij
.

number density increments of two and Ðve times. In these
tests, which were performed for the velocity regimes of
Mach 1, and 2, the clumps were permitted to decelerate13,instead of being held at constant velocity as was done for
the tests in the previous section.

For each of the tests, an e†ective radius, was deter-Reff,mined by integrating the equation of motion, V0 \ [
with given by equation (1), and solving forF

D
(V , Reff) F

Dthe best Ðtting value of The results, given in Table 1,Reff.support the hypothesis that the e†ective radius does indeed
scale with the averaged smoothing length, In each veloc-h

ij
.

ity regime, the e†ective radius is approximately a constant
multiple of the averaged smoothing length (Ðfth column),
particularly for the supersonic case. The correlation is not
strong enough to be distinguished from scaling with just the
smoothing length of the hot gas, (fourth column), owinghhotto the error in the Ðtting of It is clear, however, that theReff.e†ective radius does not scale with the smoothing length of
the clump particles (third column).

Though the e†ective radius is a similar factor of the aver-
aged smoothing length within each regime, the factor is
di†erent between each regime ; for the Mach testsReff ^ 3 13and 2 for both the Mach 1 and Mach 2 regimes, respec-

TABLE 1

SCALING OF AS NUMBER DENSITY VARIESR
eff

Reff
nhot (Mpc ) Reff/hclump Reff/hhot Reff/hij

Mach 13
]1 . . . . . . 0.26 ^ 0.01 7.1^ 0.3 2.6^ 0.1 3.8 ^ 0.1
]2 . . . . . . 0.20 ^ 0.01 5.4^ 0.3 2.5^ 0.1 3.4 ^ 0.2
]5 . . . . . . 0.16 ^ 0.01 4.3^ 0.3 2.7^ 0.2 3.3 ^ 0.2

Mach 1

]1 . . . . . . 0.19 ^ 0.01 5.1^ 0.2 1.9^ 0.1 2.8 ^ 0.1
]2 . . . . . . 0.15 ^ 0.01 4.0^ 0.3 1.9^ 0.1 2.5 ^ 0.2
]5 . . . . . . 0.08 ^ 0.005 2.2^ 0.1 1.4^ 0.1 1.7 ^ 0.1

Mach 2

]1 . . . . . . 0.14 ^ 0.01 3.8^ 0.3 1.4^ 0.1 2.0 ^ 0.1
]2 . . . . . . 0.13 ^ 0.01 3.5^ 0.3 1.6^ 0.1 2.2 ^ 0.2
]5 . . . . . . 0.09 ^ 0.005 2.4^ 0.1 1.5^ 0.1 1.8 ^ 0.1

tively. The trend to larger with increasing Mach is theReffsame as outlined in ° 5.1.1 and, in particular, Figure 2. The
result for the Mach clumps further emphasizes the exces-13sive amount of drag found in the subsonic regime.

5.1.3. T he Scaling of the E†ective Cross Section with L ocal Density

The results of the drag tests involving the deceleration of
a clump through media of varying number density (° 5.1.2)
indicate that the drag felt on a clump traveling in the outer
halo of a gravitationally bound system will be increased
owing to the low number density of particles in this part of
the halo. As the clump travels into denser parts of the halo,
the apparent cross section will be reduced owing solely to
the increased number density of the surrounding particles.
The reduction in cross section should o†set to a degree the
increase in drag that the clump would be expected to feel as
a result of the increase in the physical density. The force of
drag in equation (1) is related to the e†ective radius and the
local gas density via Since we have theFdrag P[Reff2 ohot.relations, then may beReff P h

ij
P n

hot
~1@3, Reff P ohot~1@3

derived. This last relation implies that the drag force for the
clump scales with the local gas density as FdragP ohot1@3.

The previous result concerning the unphysical scaling of
drag with local gas density assumes an approx-h

ij
P hhot,imation that is always true for force symmetrization by

kernel averaging and true for symmetrization by arithmetic
averaging only for For harmonic averaging ofhhot ? hclump.the smoothing lengths, this reduction in drag as density
increases is only partially e†ective for small and disap-hhotpears for Geometric averaging leads to a dif-hhot? hclump.ferent relationship, which is closer to the formFdragP ohot2@3,
normally expected.

To verify that this phenomenon occurs, a set of tests
similar to those in ° 5.1.2 were performed but with the mass
resolution held constant while the number density is varied
(set 3 of the simulations described in ° 4). Hence, the clump
was plowed through material of both di†erent physical den-
sities as well as number density. Since the velocity of sound
varies only with the temperature of the gas, varying the
mass density does not change the Mach number.

The measured deceleration for the clump in each test was
then Ðtted to the equation of motion in the same fashion as
described in ° 5.1.2. The analysis produced an e†ective
radius, which was then normalized by the smoothing radii
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of the clump and the hot particles as well as their averaged
value. If the e†ective radius still scaled with the averaged
smoothing radius, then the o†setting phenomenonh

ij
,

would be veriÐed. The tests and analysis were done for hot
media with physical densities of 1, 2, and 5 times that
employed in ° 5.1.2 for the velocities corresponding to Mach

Mach 1, and Mach 2.13,
The results of the analysis, summarized in Table 2,

conÐrm that as the density contrast between the clump and
the background density decreases, the e†ective radius still
scales most closely with Again the scaling is best for theh

ij
.

supersonic clump, indicating some other process is
occurring in the subsonic case. We will explore this other
process in ° 5.2. As a consequence of the scaling with theh

ij
,

force of drag approximately scales with in SPH simula-ohot1@3
tions which employ symmetrization by either kernel averag-
ing or arithmetic averaging of the smoothing lengths.

5.1.4. T he Method of Force Symmetrization

Since the e†ective radius of the clump scales with the
averaged smoothing length, it is to be expected that theh

ij
,

method of force symmetrization, which requires the use of
an averaged smoothing length, should a†ect the drag. We
examine this dependence in this subsection.

For calculated by arithmetic, harmonic, or geometrich
ijaveraging, arithmetic averaging will always produce the

largest value of while harmonic averaging leads to theh
ijsmallest. Averaging the kernels themselves does not lend

itself to such a comparison, since the e†ective value of h
ijwould be dependent on r. However, using the argument to

estimate outlined in ° 3, for kernel averaging weReff ^ 2h
ijhave which is a maximum. Figure 3 veriÐes thath

ij
^ hhot,at large radii, averaging the kernels indeed leads to the

larger weighting and, hence, the largest degree of inter-
action.

For models with the di†erences betweenhhot/hclump\ 2.7,
the method of force symmetrization should be quite appre-
ciable ; averaging the kernel produces an estimated radius of
interaction almost twice that of harmonic averaging of the
smoothing radii. The result is consistent with the results of
Thacker et al. (2000) in trend, if not magnitude, in which it is
noted that averaging the kernels leads to the largest drag at
velocities less than Mach 1 while harmonic averaging of the
smoothing lengths leads to the least.

TABLE 2

SCALING OF AS MASS DENSITY VARIESR
eff

Reffohot (Mpc ) Reff/hclump Reff/hhot Reff/hij
Mach 13

]1 . . . . . . 0.34^ 0.1 9.0^ 0.2 3.3^ 0.1 4.9 ^ 0.2
]2 . . . . . . 0.32^ 0.1 8.4^ 0.1 4.0^ 0.1 5.4 ^ 0.1
]5 . . . . . . 0.30^ 0.1 8.0^ 0.1 5.1^ 0.1 6.2 ^ 0.1

Mach 1

]1 . . . . . . 0.17^ 0.1 4.5^ 0.1 1.7^ 0.1 2.5 ^ 0.1
]2 . . . . . . 0.16^ 0.1 4.4^ 0.1 2.1^ 0.1 2.8 ^ 0.1
]5 . . . . . . 0.15^ 0.1 4.0^ 0.2 2.5^ 0.2 3.1 ^ 0.2

Mach 2

]1 . . . . . . 0.14^ 0.1 3.9^ 0.1 1.4^ 0.1 2.1 ^ 0.1
]2 . . . . . . 0.13^ 0.1 3.5^ 0.1 1.6^ 0.1 2.2 ^ 0.1
]5 . . . . . . 0.12^ 0.1 3.1^ 0.1 2.0^ 0.1 2.4 ^ 0.1

FIG. 3.ÈKernel function for di†ering e†ective smoothing lengths.
Plotted are the kernel functions for the symmetrizations of h via the arith-
metic mean (large dots) and harmonic mean (small dots) when h2\ 2h1.The kernel functions using just and are also given (dashed and dot-h1 h2dashed lines, respectively). The e†ective kernel function for the average of
these two kernels is also plotted (solid line).

The drag on a constant-velocity Mach 1 clump was mea-
sured while varying the method of symmetrization. The
simulation corresponds to set 5 as described in ° 4. The
implementations used kernel, arithmetic, and harmonic
averaging schemes. Drags of 1.4 ] 1036, 1.0 ] 1036, and
0.6] 1036 dyne were measured respectively. The test was
not performed for geometric averaging of the smoothing
lengths since this method produces a value for interme-h

ijdiate between arithmetic and harmonic averaging. The
results conÐrm the trend that larger values for produce ah

ijgreater drag, with the kernel-averaging scheme producing
the largest mean drag, 2.4 times that produced with harmo-
nic averaging and 1.4 times larger than that found with
arithmetic averaging. However, since the drag should scale
with kernel averaging should produce four times asReff2 ,
much drag, instead of the 2.4 measured. The discrepancy
indicates that there are secondary e†ects produced by the
method of symmetrization that, for these tests, o†set the
direct connection between and drag. However, it is clearh

ijthat the choice of method for force symmetrization signiÐ-
cantly a†ects the amount of drag incurred.

5.1.5. Energy Deposition

The energy lost by the deceleration of the clump goes
primarily into heating the surrounding gas. Since this gas is
already hot, this extra thermal energy is absorbed without
any signiÐcant change in the temperature of the gas. The
total energy of the clump is less than 1% of the total thermal
energy of the hot gas. The spatial distribution of this deposi-
tion of energy into the hot gas can be examined by looking
at the change in temperature of the gas particles, illustrated
in Figure 4. As expected, a bow shock is formed in the sonic
and supersonic cases. On account of the large Ðlling factor
of the shock, it contains a large fraction of the deposited
energy. Energy is also deposited in the wake of the clump.

For the subsonic clump, a transitory pulse is created at
the start of the simulation, which quickly dissipates. Subse-
quently, most of the energy is deposited locally and carried
along with the clump.
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FIG. 4.ÈTemperature change in the hot gas due to the passage of the
clump. The temperature changes for the gas is plotted for the Mach (top),13Mach 1 (middle), and Mach 2 clumps (bottom). White indicates a larger
temperature increase, black indicates no change. Note that the tem-
perature changes are small compared to the actual temperature of the gas
(105 K, cf. 107 K ). The clump starts at a position one-tenth of the box size
from the left. The slices are thick.10hclump

5.2. Drag in the Subsonic Regime
It was established in ° 5.1.1 that subsonic clumps have

disproportionately large e†ective cross sections. The excess
is demonstrated by Tables 1 and 2 and Figure 2. Whereas
the sonic and supersonic clumps always decelerate less than
the Ðducial rate, the subsonic clumps experience a greater
drag than expected. We show in this section that the clump
accretes a layer of hot gas particles into a shell at the e†ec-
tive smoothing radius, and it is this shell that enhances2h

ij
,

the drag. Furthermore, it is demonstrated that this accre-
tion into a shell is a by-product of the SPH pressure calcu-
lation in the vicinity of a compact collection of cold
particles coupled with the artiÐcial viscosity, which damps
rapid accelerations. In this conÐguration, the calculated
force on a hot gas particle due to gas pressure causes oscil-
lations in the hot particleÏs velocity, which triggers the vis-
cosity term of the hydrodynamic forces, bringing the hot
particle to rest relative to the moving clump. In the subsonic
regime we expect the clump to accrete some material as it
moves through the hot medium, but it is the increase in
cross section due to this shell of accreted particles that
causes the clump to slow excessively.

5.2.1. T he Accretion of Remoras

We characterize the behavior of the drag on a subsonic
clump using the data from ° 5.1.2 in which a cold clump was
allowed to decelerate in a uniformly dense medium of hot
gas. The subsonic clump initially follows approximately the
same deceleration curve as given by equation (1). The tran-
sition to a more rapid deceleration occurs as particles are
accreted from the hot gas phase. Accretion of these particles
is evident in Figure 5, which displays the Ñow of particles
about the cold clump in the reference frame of the cold
clump at various Mach numbers. No hot particles are
decoupled from the Ñow of hot particles in the Mach 1 and
Mach 2 simulations, while 44 are decoupled in the Mach 13run.

The particles picked up from the hot medium will be
referred to as ““ remoras.ÏÏ Since remoras are also found
about the subsonic clumps, which are not permitted to
decelerate (as in ° 5.1.1), it is clear that the accretion does
not occur only as the clump slows to almost stationary, but
occurs while the clump still has a signiÐcant velocity.

The remoras form a narrow shell about the clump at a
radius equal to the e†ective smoothing radius, Note2h

ij
.

that in this section we are using simple arithmetic averaging
for the combined smoothing length ; that is h

ij
\ (hhotThe shell is indicated by Figure 5 and is veriÐed] hclump)/2.

in Figure 6, which plots the two-point correlation function
about the clump particles. The correlation function of the
hot gas particles (Fig. 6, dashed line) shows that the particles
have preferential spacings typical of a glass distribution, but
not at the distance of at which distance hot particles2h

ij
,

are found to be overabundant by a factor of 100. The tight
span of radii in which the remoras are permitted to come to
rest is demonstrated by the narrowness of the peak in the
correlation function at witnessed in Figure 6. The jumph

ij
,

in the correlation function is 2 orders of magnitude and is
located just beyond (70 kpc) with a width of 10 kpc or2h

ijabout 10% of 2h
ij
.

In SPH, the pressure forces on an individual particle, F
i
,

are summed symmetrically over all neighboring particle
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FIG. 5.ÈFlow of halo particles about clumps. The Ñows are plotted for
the Mach (top), Mach 1 (middle), and Mach 2 clumps (bottom). The inner13circle is the radius while the outer circle is the same for the hot gas,2hclump ,The e†ective smoothing length, for this simulation is simply the2hhot. h

ij
,

arithmetic mean of and Flow is from right to left. The slices areh
i

h
j
.

thick.5hclump

FIG. 6.ÈTwo-point correlation function about the cold clump. Marked
are the smoothing limits for the particles of the cold clump (dashed line), the
hot gas (dot-dashed line), and the average (dotted line), which is the value
used in these tests for a hot particle interacting with the cold clump. For
comparison, the two-point correlation function for the hot gas away from
the cold clump is given by the dashed curve.
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) . (5)

The summation utilizes SPHÏs ability to estimate gradients
of local scalar quantities by scaling the contributions from
neighboring particles to the local values (the pressure,
PD oT , here) by the gradient of the kernel function, W . The
estimate is normally very e†ective when the local gradients
in the temperature and, more signiÐcantly, the gas density,
o, are small. While the temperature is a parameter
incremented from the value from the previous iteration, o is
a quantity re-estimated each time step. Hence, in the pres-
ence of the steep density gradients surrounding cold clumps,
o can Ñuctuate signiÐcantly between iterations. If a hot gas
particle is within twice its smoothing length, of the2hhot,centrally concentrated cold clump, then the estimated gas
density will be signiÐcantly larger (1.5 times, for the imple-
mentation of SPH density estimates in hydra) for the parti-
cle than it would otherwise be.

It is informative to determine what the summation of the
pressure forces is for a hot gas particle between and2h

ijfrom a cold clump. There will be two regimes : one in2hhotwhich the gas particle is at the far end of this distance, and
the other when it is near In the Ðrst case, the hot gas2h

ij
.

particle will not be surrounded by a nearly isotropic dis-
tribution of particles. There will be a void on the side of the
particle facing the cold clump. The two-point correlation
function of the particles in the vicinity of the cold clump
(Fig. 6) demonstrates the existence of this void, which
occurs because particles are repelled by pressure forces close
to the cold clump. The particles in the cold clump are cen-
trally condensed within a radius much smaller than their
SPH smoothing radius which is, in turn, half the gravita-
tional softening radius (the minimum value we allow it to
take). The void surrounds the clump and has a radius slight-
ly smaller than the averaged smoothing radius. Hence, the
gradient will force the particle toward the cold clump.

Once the particle is within of the cold clump it sud-2h
ij
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denly sees many more than neighbors, so its smooth-NSPHing length drops while its density estimate jumps. For a very
di†use hot medium, essentially all the neighbors of the par-
ticle are now in the cold clump, and the particle is repelled
strongly by pressure forces. The kick the particle receives
from the interaction with the cold clump is short-lived, and
soon the unbalanced pressure force from the surrounding
hot gas forces the particle back toward the clump starting
the cycle again.

The cyclic, kick-drift phenomenon will occur even if the
gas particles are able to see only a Ðxed number of neighbor
particles, since the motion of the hot gas particlesNSPH,
relative to the clump will carry it rapidly between the
domains dominated by the apparent void and that domi-
nated by the cold clump. Even a substantial reduction in the
iteration time step, to make the transition smooth, does not
eliminate the contrast between the two domains.

A hot gas particle near a cold clump thus oscillates (or
perhaps, more correctly, bounces) just beyond the radius,

The oscillation is a consequence of the form of the SPH2h
ij
.

force calculations coupled with its treatment of neighbors
and, as such, will be a characteristic of any standard imple-
mentation of SPH.

The path of a particle that is just grazed by the cold
clump as it passes is shown in Figure 7. The path, in the
reference frame of the cold clump, shows the series of accel-
erations described. What is even clearer is how these accel-
erations conspire to trap the particle at a radius
approximately halfway between the smoothing radii for the
clump and the hot gas.

In Figure 8, which plots the hydrodynamic forces for the
hot gas particle in a direction perpendicular to the direction
of motion of the clump, the alternating directions of the
forces are clearly illustrated. In this Ðgure, the density of the
hot particle, as estimated by the SPH density calculation, is
shown at the bottom. It clearly delineates the two regimes

FIG. 7.ÈPath of a hot particle on to a cold, Mach clump. The posi-13tion of the particle at successive iterations is plotted relative to the cold
clump. Flow is from the right (the clump is moving right). The outer circle
has a radius of while the inner radius is2hhot , 2hclump .

FIG. 8.ÈForces on a remora particle in the direction perpendicular to
the direction of travel. Plotted is the total force (solid line) as well as the
contributions from the gas pressure (dashed line) and the artiÐcial viscosity
(dash-dotted line). The gas pressure provides the bulk of the instantaneous
forcing and hence frequently overlaps the total force. Positive forces are
directed toward the clump center. The gas density calculated by the SPH
routine is shown by the dotted line, plotted against the right-hand axis.

described previously ; when the density is low, the particle
does not ““ see ÏÏ the clump whereas when it is high, it is
under the inÑuence of the clump and feels a strong force
away from it.

The oscillations between these two regimes are important
as they trigger the artiÐcial viscosity, which drags the parti-
cle into moving with the clump. As the viscosity is only
triggered if two particles are converging, the particle is
interacting viscously alternately with the clump and the hot
gas. The viscosity damps the oscillations, which can also be
seen in Figure 8, with the by-product of turning the particle
into a remora. As Figure 9 shows, though the pressure is
still the dominant force, the accumulated momentum in the
direction of travel is controlled by the contributions from
the viscosity term.

FIG. 9.ÈCumulative momentum gained by a remora particle due to
SPH forces as a function of time. Plotted is the total momentum boost
(solid line) as well as the contributions from the SPH pressure term (dashed
line) and the artiÐcial viscosity (dash-dotted line).
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5.2.2. T he SigniÐcance of a Compact Core

The previous description of the problem indicates that
the compact nature of the clump exacerbates the problem of
the creation of a shell of remoras. The hypothesis may be
tested directly by having the clump particles occupy a larger
volume within their smoothing radius and then determining
the drag. The tests correspond to set 6 in ° 4.

For this test, the cold clump particles were forced to form
a more extended clump by modifying the form of the gravi-
tational potential to produce a repulsive force at close dis-
tances. The inÑuence of the antigravity force extends to
beyond twice the gravitational softening length to compen-
sate for the strong compressional forces exerted by the pres-
sure of the surrounding hot gas. As such, this form does not
permit a stable clump to exist in isolation and is not pro-
posed as a solution to the problem. We will hold the velocity
of the cold clump Ðxed as it progresses through the hot
medium to allow a stable conÐguration to develop before
the drag on the clump is measured.

The drag for this more di†use clump was 4.2 ] 1035
dyne, which is less than that for the compact clump, found13earlier to be 6.0] 1035 dyne. The factor is remarkable, con-
sidering that the di†use clump has a larger cross section.
The cross sections may be measured by convolving the
clump particle positions with their e†ective smoothing
radius for interaction with the hot particles, to produceh

ij
,

a column density distribution. The extended clump is found
to have a cross section that is 60% larger than that of the
compact core. Taken together, these factors imply that the
e†ect of the abrupt transition between the cold clump and
the hot particles caused by having a very small central
clump doubles the drag. The result is a clear demonstration
of the signiÐcance of a compact core in enhancing the drag.

Thacker et al. note in a similar set of tests a di†erence in
the clump sizes depending on the viscosity form adapted. It
reports that a Monaghan-type artiÐcial viscosity, as used in
these tests, produces a clump that is 2È3 times more
extended than those that use a form. It should be$ Æ ¿
emphasized that the mean interparticle spacing of the cold
clump particles was required to be expanded by a factor of
100 before the drag was diminished. Hence, the increase in
drag is not something that can be easily Ðxed by modifying
the implementation of SPH. Solving the problem is particu-
larly challenging since expanding the clump leaves it more
susceptible to disruption through pressure and tidal strip-
ping, a feature that would worsen the overmerging problem.

6. DISCUSSION

Using a series of simulations of a cold clump moving
through a hot medium, we have explored the nature of drag
modeled by smoothed particle hydrodynamics in scenarios
directly relevant to cosmological structure formation. The
results are scale-invariant and, consequently, may be
applied to a variety of astrophysical situations. Indeed, any
hydrodynamic simulation using the SPH technique in
which drag on resolution-limited objects is signiÐcant will
be a†ected by the results described herewith.

An analytical expression for the expected amount of drag
on the clump permitted the determination of e†ective radii
for the clumps in the various tests.

Our results show the following :

1. There is an excessive amount of drag on resolution-
limited clumps at sub-Mach velocities.

2. This e†ect was found to be owing to the method SPH
uses to calculate pressure forces, which is sensitive to large
gradients in density.

3. The e†ective radius of the clump scales with the com-
bined average of the smoothing lengths of both the clump
gas and the hot gas.

4. As a consequence of (3), the increase in drag as the
clump moves into a denser medium is o†set partially by the
decrease in the smoothing length of the particles in the
medium.

The e†ective radius at sonic and supersonic velocities was
found to agree well with the estimate of twice the average of
the smoothing lengths for the hot gas and the cold clump.
The scaling with the average smoothing length is indepen-
dent of the local velocity of sound. Hence the results, if
parametrized by the Mach number, are invariant with
changes in local sound speed and, consequently, thermody-
namic properties of the gas. There are two immediate impli-
cations of this scaling : the method of force symmetrization
(which determines the method of averaging) a†ects the drag,
and the e†ective cross section of the clump varies with the
density of the medium through which it is traveling.

In regard to the Ðrst implication, the method of force
symmetrization is selected during the coding of the SPH
implementation. There are at least four methods : arithmeti-
cally averaging the kernels, or averaging the smoothing
radii of the interacting pair of particles using either arith-
metic, harmonic, or geometric averaging. It was veriÐed
that harmonic averaging of the smoothing radii produces
the smallest e†ective cross section whereas kernel averaging
produces the largest. The e†ect is substantial, with the drag
produced by the kernel being on average 2.4 times larger
than that of the harmonic averaging. The drag forces from
geometric and arithmetic averaging of the smoothing
lengths fall in between, with the arithmetic averaging being
the larger of the two.

Concerning the second implication of the cross-sectional
radius scaling with it was shown that there is a loss ofh

ij
,

proper scaling of the drag with density. The drag should
scale with density as FP o. The relation is broken because
the average smoothing length, also varies with theh

ij
,

density of the surrounding medium. Higher densities lead to
a smaller average smoothing length, which decreases the
cross-sectional area of the clump, o†setting the increase in
drag due to the increased density. This numerical phenome-
non is particularly true for methods of force symmetrization
that use kernel averaging or arithmetic averaging of the
smoothing lengths. For these, the drag on a clump is pro-
portional to instead of For geometric averaging,ohot1@3 ohot.this relation changes to while for harmonic averaging,ohot2@3,
the e†ect is present over a limited range of hhot/hclump.The attenuation of the drag as the density increases will
have consequences in simulations of the hierarchical forma-
tion of cosmological structure. A disproportionate amount
of deceleration will occur in the outer halos of the struc-
tures. The biased deceleration will preferentially deposit
energy in the outer halo as well as alter the spatial distribu-
tion of the deposited matter.

The energy lost from the simulated clumps as they decel-
erate is deposited locally in the case of the subsonic clump.
For a sonic and supersonic clump, SPH successfully models
a bow shock, which carries away the energy from the clump,
depositing it over a larger volume. The preferential deposi-
tion of energy in the outer part of halos should directly
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a†ect the velocity and spatial bias of the baryonic material
in the structures.

More signiÐcant is the dramatically large drag felt by
subsonic clumps. The transition is gradual, with the e†ec-
tive radius scaling as for M\ 2. The numeri-Reff PM~1@2
cal phenomenon was demonstrated to be a by-product of
the method of force calculation used by SPH. For clumps
traveling at the method SPH uses to calculate theM[ 34,
hydrodynamic forces, coupled with the compact nature of
the cold clump, initiates a process that accretes hot particles
on to a sphere about the cold clump. The remora particles
are forced by the interaction with the cold clump to oscillate
outside the radius of twice the averaged smoothing radius.
The oscillation triggers the artiÐcial viscosity, which boosts
the velocity of the hot particles to match that of the cold
clump. The process is inherent to the SPH method since it
arises from the nature of the force calculation which derives
the local pressure from the SPH estimate of the local
density. Boosting the volume in which the cold clumps
reside by providing a short-range antigravity force is shown
to reduce the drag by a factor of 2. The modiÐcation is not a
viable solution to the problem, however, since the clumps
are then not stable outside a hot halo.

The accretion of the remoras leads to an increase in drag
by increasing the e†ective cross section. The Ñow of the
particles in Figure 5 indicates that the gas particles are not
being repulsed solely by the clump, but also by the remoras
in the shell about the clump. If this is the case, then the cross
sectional radius should increase from to2h

ij
2(h

ij
] hhot).For the systems presented here, this should increase the

cross-sectional radius by 2.5 times.
Comparing the e†ective radii calculated for the Mach 13clump with those of the Mach 1, and Mach 2 clumps implies

respective ratios of 1.4^ 0.1 and 1.9 ^ 0.1 (see Table 1 for
the radii). However, Figure 2 shows that the change in Reffdoes not occur as a step function, it is gradual. The previous
argument suggests that the ratio may plateau at a value of
2.5 as the velocity drops, but this behavior was not veriÐed.
The possibility of a plateau implies a limited range for the
relation given by equation (4). At even lower velocities,
other phenomena may occur, such as ““ crystallization ÏÏ of
the clump into the matrix of the hot gas particles as the
velocity of the clump approaches the velocity dispersion of
the hot gas particles (not the thermodynamic velocity dis-
persion, but the dispersion due to the ““ vibration ÏÏ of the
particles [Lombardi, Sills, & Shapiro 1998]).

For virialized objects, the thermodynamic velocity dis-
persion of the component structures should be on the order
of the speed of sound of the halo gas. This velocity is
approaching that at which the accretion of remoras com-

mences and we observe the increase in the drag. The
increase will enhance the merging rate of the structures (by
an amount that is admittedly dependent on other aspects of
the simulation such as the stability of the dark-matter
halos). Not only will this modify the distribution of small-
scale structures, but it will a†ect the velocity and spatial
bias of the baryons.

What may be required to alleviate the problem is a
decoupling of the separate hot and cold phases, similar to
that described in Pearce et al. (1999). Pearce et al. describe a
modiÐcation to SPH in which density calculations for par-
ticles do not include contributions from particles that are
hotter or cooler by some Ðxed amount. The modiÐcation
alleviates the supercooling phenomena noted in SPH simu-
lations of clusters (see, e.g., Thacker et al.). As a consequence
of the decoupling of the density estimation, the hot particles
would not ““ see ÏÏ the cold clump when calculating their
local density and would not be subjected to the correspond-
ing erratic change shown here. However, the local pressure
gradient, which is not decoupled, would still oscillate
between being at the edge of a void and at the edge of a
dense object as a particle travels from to within of2h

ij
h
ijthe cold clump. The phenomenon is ubiquitous to any SPH

implementation that does not fully decouple the hot and
cold phases, even one that Ðxes the number of neighbor
particles, Ðnding the appropriate value of in each iter-h

iation. The oscillation would still occur, but at a potentially
reduced rate.

The multiphase SPH method of Ritchie & Thomas (2001)
takes a di†erent, and ultimately, more ideal approach. In
this method, density is not estimated by an SPH method at
all. Instead, the pressure is estimated by the SPH method,
and the density is derived from the equation of state. Since
pressure gradients are more likely to be smooth when the
dynamic time is shorter than the thermal time (the common
state within cosmological simulations) the gradients are not
as steep and, consequently, not as likely to skew the SPH
calculation. Using a series of tests similar to those described
here, Ritchie & Thomas demonstrate a reduction in the
drag on subsonic clumps of matter to levels in accordance
with those predicted in ° 3.

Though either of these modiÐcations will lessen the exces-
sive drag at low velocities, neither will remove the scaling of
the e†ective radius with the local number density.

We acknowledge NATO CRG 970081, which facilitated
our interaction. We would like to thank R. Thacker for
supplying the various implementations of SPH. This work
was supported by NSERC Canada.

APPENDIX

DRAG EQUATIONS

In what follows, we will review the relevant equations required to determine the drag felt by a sphere moving through a
neutral gas.

The drag on a sphere moving through a Ñuid medium at any speed is given by the equation (1). The only important
parameters relating to the sphere are radius, R, and velocity, V , relative to the medium. The signiÐcant parameters of the gas
are its density, and temperature, T . The drag is a function of R, V , and as well as the coefficient of drag for a sphere,o

g
, o

g
, C

D
.

The coefficient of drag, in turn, is a function of the Reynolds number, Re, which is a function of the size and velocity of the
sphere, as well as the dynamic velocity, g. The dynamic viscosity is peculiar only to the parameters of the enveloping medium
and is the biggest unknown.
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The coefficient of drag for a sphere or disc, is deÐned by equation (1) and usually measured experimentally as a functionC
D
,

of the Reynolds number, Re. The Reynolds number, a dimensionless parameter that is essentially the ratio of the size of a
disturbance to the size of disturbances that are easily damped, is given by

Re\ RV o
g . (A1)

It is not known whether determination of from the results of experiments on centimeter scales is still valid on the scales ofC
Dgalaxies. Nevertheless, the following relation between and Re is found to hold for many scales (Churchill 1988),C

D

C
D

\

4

5

6

0
0

24

Re
]

3.63

Re1@2
[

4.83] 10~3Re1@2
1 ] 3 ] 10~6Re3@2

] 0.49 Re\ 104 ,

0.5 , 104¹ Re\ 2 ] 105 ,
0.2 , Re¹ 2 ] 105 .

(A2)

The term, 24/Re, is the sole term in StokesÏ formula for drag on a sphere, which is a low-Reynolds-number approximation.
The Reynolds number is generally small (D1) for the systems we are considering. In the low-Reynolds-number regime,

Combined with equations (1) and (A1), this impliesC
D

^ 24/Re. FdragP V .
The dynamic viscosity, g, along with the gas density, are the sole parameters relevant to the Ñuid for calculating the drag.o

g
,

Following Sarazin (1986),

g ^ 13og
SvTrms j , (A3)

where is the mean thermal velocity of the constituent gas particles (molecules, atoms, or ions) and j is their mean freeSvTrmspath.
The mean free path length of the gas particles is on the order of the size of the structure modeled in this paper. That is to

say, the Knudsen number is approximately unity where the Knudsen number (Kn) is deÐned as the ratio of the mean free path
length to the diameter of the spherical object passing through it (Chen 1996). For galaxy-sized objects (Kn ? 1) the drag is in
the regime of free-molecule Ñow while for merging clusters it is in the continuum regime.

The mean free path is simply (Lang 1980),

j \ A1 m
u

o
g
na

o
2 , (A4)

where is the diameter of the gas particles. The mean free path is obviously dependent on the assumed composition of thea
oneutral gas, ranging from 5 ] 10~11 cm (the Bohr radius) for hydrogen to 10~8 cm for neutral atoms and molecules (Cox

2000). The signiÐcance of the range is made clearer by noting that, for small Reynolds numbers, An intermediateC
D

P a
o
~2.

value of cm was used. Note that g P T 1@2.a
o
\ 10~9
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