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Statistical Physics (PHYS11024)

1.

(a) Explain what it means to say that a system is part of the Canonical Ensemble, and
write down the partition function for this case, Z. Use the Gibbs definition of entropy
to derive the relation between Z and the free energy, F . Now consider dZ/dT , and show
that it is related to the mean energy of the system, Ē. Similarly, show that fluctuations in
the energy have a variance of (kT )2(CV /k), where CV is the specific heat at fixed volume.

[5]

(b) Explain what is meant by the chemical potential, µ, and say how it appears in the
Gibbs factor that governs microstate probabilities in systems with variable particle num-
ber. Photons can be treated as a gas of non-interacting identical bosons, where the
occupation numbers for each wave mode are subject to independent Gibbs factors. De-
termine the mean occupation number for µ 6= 0, and hence show that the total photon
number and total energy in thermal equilibrium are

N =
4πgV

c3

∫ ∞
0

ν2 dν

exp[(hν − µ)/kT ]− 1
; E =

4πhgV

c3

∫ ∞
0

ν3 dν

exp[(hν − µ)/kT ]− 1
.

For the case of black-body radiation with µ = 0, show that E ∝ T 3, and hence prove that
the entropy is S = (4/3)E/T . [6]

(c) A set of black-body photons is given a pulse of injected energy, which raises the
temperature by a factor 1 + α, but without changing the total number of photons. As-
suming that α � 1, show that the resulting system has a non-zero chemical potential,
µ ∝ −αT to lowest order in α. Express the constant of proportionality in terms of
In ≡

∫∞
0 xn(exp[x]− 1)−1dx. [6]

(d) Consider a model where the Landau free energy takes the form

F = am2/2 + bm4/4 + cm6/6,

where m is some order parameter and c > 0. Sketch the form of this potential in the
different quadrants of the (a, b) plane. Hence argue that there is a line of second-order
transitions at (a = 0, b > 0), and a line of first-order transitions in the quadrant (a >
0, b < 0). Show that the equation for the latter line is

b = −4(ca/3)1/2.

If a varies linearly with T and b is independent of T , compute the critical exponent β (m ∝
|t|β, where t is the fractional deviation in temperature from the critical temperature). [8]
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Statistical Physics (PHYS11024)

2.

(a) Explain what is meant by a Joule expansion of a gas, and say why this occurs at
constant temperature in the case of a perfect gas. Hence calculate the entropy change as-
sociated with the process. According to the Poincaré Recurrence Theorem, the molecules
in a given box will all spontaneously move to one side of the box in a finite time: what
does this imply for the correctness of the Second Law of Thermodynamics? [5]

(b) In the Ising model, the energy of a set of N spins, Si = ±1, in a magnetic field h can
be written as

E = −J
∑

z

SiSj − h
∑
i

Si,

where the spin interaction is between each spin and its z nearest neighbours. By assuming
that fluctuations of spin away from the mean value, m, are weakly correlated, prove that
〈SiSj〉 ' m(Si + Sj)−m2, and hence that

E =
1

2
JNzm2 − heff

∑
i

Si; heff = Jzm+ h.

Show that the partition function is

Z = exp[−βJNzm2/2] (exp[−βheff ] + exp[βheff ])N ,

and hence give the equation that determines m in this mean-field model. [6]

(c) For imperfect gases, the partition function can be written as Z = Zideal × Q, where
Q = 1 for non-interacting particles. Show that Q can be expressed as follows in terms of
the interaction potential, U , which depends on the positions of all N particles:

Q = 1 + V −N
∫ ∏

i

d3qi (exp[−βU ]− 1).

If the interactions are strictly pairwise and N is large, explain why this can be approxi-
mated as

Q = (1 + 2B2/V )N
2/2,

where the quantity B2 is negative if the intermolecular forces are attractive. Hence show
that the pressure of a non-ideal gas is approximately P = nkT (1 + B2n), where n is the
number density. [6]

(d) Starting from the chain rule in the form dz = (∂z/∂x)y dx+ (∂z/∂y)x dy and dz = 0,
prove that

(∂z/∂x)y = −(∂z/∂y)x(∂y/∂x)z.

Apply this result to derive the temperature change in Joule expansion,

(∂T/∂V )E = − 1

CV

[
n2kT 2∂B2

∂T

]
.

You will need to derive the Maxwell relation (∂S/∂V )T = (∂P/∂T )V . [8]
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