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General Relativity

Tutorial 4

John Peacock

Institute for Astronomy, Royal Observatory Edinburgh

A: Core problems

(1) A 4-vector has a coordinate transformation V ′µ = (∂x′µ/∂xν)V ν . If we define a covector via
UµV

µ = invariant, derive the coordinate transformation for Uµ.

Use the same reasoning with TµνU
µV ν = invariant to derive the transformation law for a rank-2

cotensor Tµν .

(2) Show that the Kronecker delta obeys the transformation law expected for a mixed tensor:

δ′µν =
∂x′µ

∂xα
∂xβ

∂x′ν
δαβ .

What is the value of δµµ?

(3) The matrix gµν is defined as the inverse of the metric tensor gµν . Given the transformation
law for gµν , prove that gµν is a vectorial tensor. Hint: consider

∂x′λ

∂xρ
∂x′µ

∂xσ
gρσg′µν ,

and show it is equal to δλν .

(4) Given the definition of the affine connection in terms of the metric and its derivatives,

Γσ
λµ =

1

2
gνσ

(

∂gµν
∂xλ

+
∂gλν
∂xµ

−
∂gµλ
∂xν

)

,

Prove that the metric tensor has vanishing covariant derivative:

∇λgµν =
∂gµν
∂xλ

− Γρ
λµgρν − Γρ

λνgµρ = 0.

B: Further problems

(1) Recast the above coordinate transformations in matrix notation: If V•′ = M·V• and V•

′ =
N·V•, prove that N = (MT )−1 = (M−1)T [here we use V• and V• to denote respectively the
contravariant and covariant vectors]. What are the corresponding equations for the transformation
of tensors, viewed as matrices? Similarly, prove that the inverse of the covariant metric tensor has
the matrix transformation of a contravariant tensor.

(2) Show that the affine connection transforms according to

Γ′λ
µν =

∂x′λ

∂xσ
∂xκ

∂x′ν
∂xρ

∂x′µ
Γσ

κρ +
∂x′λ

∂xσ
∂2xσ

∂x′µ∂x′ν
.

Hint: start with the definition Γλ
µν ≡

∂xλ

∂ξα
∂2ξα

∂xµ∂xν , in terms of LIF coordinates ξµ.



Hence show that the covariant derivative of a vector is a tensor. Hint: the apparent extra terms
that appear cancel out. This can be shown by considering that

∂x′κ

∂xν
∂xν

∂x′µ
= δκµ,

whose derivative with respect to x′ (in particular) is zero.

(3) The Riemann tensor is

Rα
σρβ ≡ ∂ρΓ

α
βσ − ∂βΓ

α
ρσ + Γα

ρνΓ
ν
σβ − Γα

βνΓ
ν
σρ.

What is the Riemann tensor in a local inertial frame? Show that in this frame

∂µR
α
βγδ + ∂γR

α
βδµ + ∂δR

α
βµγ = 0.

Hence argue that in general

∇µR
α
βγδ +∇γR

α
βδµ +∇δR

α
βµγ = 0.

Defining the Ricci tensor and scalar as Rαβ = Rµ
αβµ and R ≡ Rµ

µ, prove that

∇µR− 2∇αR
α
µ = 0

(you may assume the symmetry Rαβ
βµ = −Rβα

βµ).

Hence prove that the covariant divergence of the Einstein tensor vanishes:

∇βG
αβ = 0; Gαβ

≡ Rαβ
− (1/2)Rgαβ .


