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General Relativity (PHYS11010)

(a) Explain the following terms and discuss the relation between them: weak equivalence
principle; strong equivalence principle; local inertial frame; covariant equation; manifestly
covariant equation. The equation 9,4, — 0,4, = 0 is not manifestly covariant. By
considering the covariant derivative,

Y,V =0,V — T2V,
prove that the equation is in fact covariant. (5]
(b) Consider the line element

R2

r2 + a2

Adr? = Adt? —

dr® — R*d0* — (r* + o) sin® 0 d¢?,

where R? = r2 + a2 cos? § and « is a constant. Find the geodesic equation for ¢ and show
that it can be integrated to yield

b= _ J
T dr (r2+a?)sin? 6§’
where J is a constant. What is the geodesic equation for ¢? [5]

(¢) Show that the geodesic equation for 6 can be solved by § = /2 and § = 0. For this
value of #, show that the geodesic equation for r has the following integral form

2 2
r .9 J

r° 4
r2 + o? r2 + a?

— B?

and that a solution is r = /D? + (v7)2, where D and v are constants. Find B and J in
terms of v, D and a. [7]

(d) Consider the coordinate transformation

T = Vr?+ a?sinf cos ¢
y=Vr?+a?sinfsin ¢

z =1rcosb,
while ¢ remains unchanged. The original metric takes the form
Adr? = Adt? — fAda® — ¢*dy® — h*dz2.

Find the functions f, g and h; what interpretation can now be given to the original metric?

(8]
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General Relativity (PHYS11010)

(a) Justify the form of the energy-momentum tensor for a perfect fluid:
" = (p+p/c)U"U" — pg"”.

Write down the general law for the conservation of energy and momentum in terms of
TH . Using U,U* = ¢* and noting that U,V,U* = U*V,U,, prove that if the pressure
vanishes, elements of the fluid move on geodesics.

(b) A one-dimensional model universe has a metric where the spatial part is periodic:
cdr? = *dt* — R*(t)d¢?,

i.e. ¢ + 27 corresponds to the same point as ¢. Show that there is a conserved quantity
involving d¢/dr. Using the invariant norm of the 4-velocity, obtain an equation for dt/dr
as a function of time.

(c) A comoving observer in this cosmology ejects a particle with velocity v at time t = ¢,
and scale factor R(ty) = Ro. FExplain why the initial value of dt/dr is the Lorentz
factor of the particle. Hence write an expression for ¢(t) as an integral over a function
of cosmological time, ¢t. If the scale factor increases linearly with time, show that the
velocity must exceed some minimum value if the particle is to be able to travel round the
universe and return to its starting point:

B
_62

where 3 = v/c [hint: you may assume that [7° 2z~ '(1 + A%2?)~Y/2 = sinh~*(1/4)].

R
> o 2
Co

sinh ! [

(d) Consider a spacetime where the line element takes the following form in cylindrical
polars:
Adr? = Adt* — dr* + f(r)de* + dz*.

Show that the only non-zero components of the affine connection are I'y, = —ff" and
Fd) = Ffd) = f'/f, where primes denote derivatives with respect to 7. The Ricci tensor is

R/“/ . a,,r:’; 8 FO& “I‘ Faﬁr — Faﬁl—‘

p

and it may be assumed here that the only non-zero components are R,, and R4,. Hence
show that W
py c f

811G f

diag(—1,0,0,1).
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