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General Relativity (PHYS11010)

1. (a) Define the terms Weak and Strong Equivalence Principles in GR. Why does
the Equivalence Principle imply gravity is not a force like electromagnetism? [5]

(b) Starting from the Weak Equivalence Principle show that the equation of
motion for a particle moving freely in a gravitational field obeys the Geodesic
equation,

duλ

dτ
+ Γλ

µν u
µuν = 0,

where uλ = dxλ/dτ is the 4-velocity vector and Γλ
µν is the affine connection. [5]

(c) Write down how the metric tensor, gµν , transforms between the local inertial
frame and a general coordinate system. Hence show that

Γλ
µν =

1

2
gλη(∂µgµη + ∂νgµη − ∂ηgµν).

where ∂µ = ∂/∂xµ. [5]

(d) Show that in the weak-field, gµν = ηµν + hµν , slow-motion limit, keeping
terms of order u0ui, the Geodesic equation reduces to the Lorentz-like equation,

ẍ = −∇Φ+ v ×Bg,

where Bg = ∇×Ag, and the gravitational vector potential is Ag,i = h0ic. [5]

(e) The Earth has angular momentum JE = 2MR2Ω/5, where R is its radius, M
its mass, and Ω its rotational frequency. The gravo-magnetic field an equatorial
distance r from the Earth has an amplitude of |Bg| = 2GJE/c

2r3. Estimate the
relative gravo-magnetic acceleration compared to the Newtonian gravitational
field for a satellite in a geosynchronous equatorial orbit. [5]
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2. The spacetime in the equatorial plane (θ = π/2) around a rotating black hole
with mass M , and angular momentum J , is described by the Kerr line element,

c2dτ 2 = c2dt2 − rS
r
(cdt− rJdϕ)

2 − dr2

1 + r2J/r
2 − rS/r

− (r2 + r2J) dϕ
2,

where rS = 2GM/c2 is the Schwarzschild radius, and rJ = J/Mc is a length scale
associated with the rotation of the black hole.

(a) Show that as M → 0, for fixed rJ , the Kerr spacetime reduces to Minkowski
spacetime. [2]

(b) When J = 0, show the Euler-Lagrange equations imply the conservation
equations (1− rS/r)ṫ = k and r2ϕ̇ = h for a particle in an equatorial orbit. [5]

(c) Show that the radial motion of a massive particle in orbit in this spacetime
obeys the energy equation

ṙ2 − rSc
2

r
+

h2

r2
− rSh

2

r3
= c2(k2 − 1).

Define the effective potential for orbits in this spacetime, explaining each term.

Illustrate the possible orbits using the effective potential and the motion of the
particle in the equatorial plane. [10]

(d) Consider a particle on a circular orbit in the Kerr spacetime with angular
speed Ω = dϕ/dt at fixed r = rS. Using the line element show that to maintain
a timelike trajectory,

0 < Ω <
2 c rJ

2r2J + r2S
.

[3]

(e) A real singularity exists for the Kerr spacetime at r = 0. Describe the struc-
ture of this singularity compared to the singularity in a Schwarzschild metric.

The radial distance in the Kerr spacetime can be continued to r < 0. Consider a
particle on an orbit just inside r = 0 with dt = dr = 0. What does it experience?

[5]
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3. (a) Explain what the Principle of General Covariance is. [5]

(b) The Robertson-Walker line element for a spatially flat, expanding, homoge-
neous and isotropic universe is

c2dτ 2 = c2dt2 − R2(t)dx2,

where dx2 = δij dx
idxj. Using the Euler-Lagrange equations, or otherwise, find

the Geodesic equations for t and xi, and hence the affine connections, Γα
νµ. [5]

(c) The Einstein equations for empty space with a cosmological constant, Λ, are

Rµν = −Λgµν ,

where Rµν = Rα
µαν = ∂αΓ

α
νµ−∂νΓ

α
αµ+Γα

αηΓ
η
µν −Γα

νηΓ
η
µα is the Ricci tensor.

Derive the t− t Einstein equation and show that the scale factor is

R(t) = R0e
√

Λ/3 c(t−t0),

where R = R0 at time t0. [10]

(d) A photon is emitted from a source at coordinate distance x at time ti and is
received by an observer at time t in this spacetime. Show this distance is

x =

√
3√

ΛR0

(

e−
√

Λ/3 c(ti−t0) − e−
√

Λ/3 c(t−t0)
)

.

Show that a photon emitted by the observer at time t0 asymptotically approaches
a maximum coordinate distance but never reaches it. [5]
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