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Problem set 2

(1)

(a) Consider the universe at a GUT-scale temperature of kT' = 10'® GeV. Assuming a
standard radiation-dominated model, estimate the comoving size of the particle horizon
at the GUT era (currently, k7' = 10736 eV).

(b) Write down the integral for the current size of the particle horizon. If the universe
begins with a phase of inflation, during which the Hubble parameter, H, is constant,
how long must inflation continue in order to reconcile the GUT-scale horizon with the
present value of ~ ¢/Hy?

(c) Consider inflation driven by a single real scalar field, ¢. Write down the exact
equations for the time dependence of ¢, and for the time dependence of the scale factor,
a, in a universe containing only the inflaton.

(d) Explain how this equation of motion in the case of a homogeneous scalar field can
be solved in the slow-roll approximation.

(e) For a potential V(¢) oxx ¢*, show that the solution to the slow-roll equation is

¢/ Dinitiar = (1 — t/tna)’”
where = 2 — /2. Explain why this equation does not hold near ¢ = 0.

(f) Assuming curvature to be negligible, verify that a homogeneous scalar field with

potential
167
V(¢)O<eXp< . ¢>

leads to inflation with a scale-factor dependence a(t) o ¥ (it helps to realise that this
requires V and ¢? to be in a fixed ratio, so that neither dominates).

(g) Evaluate the slow-roll parameters € and 7 for this model, and show that the slow-roll
approximation should be valid provided p > 1.
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(2) The horizon-scale amplitude predicted in single-field inflation models is dy; =

H?/(2m9).

(a) Show that, in the slow-roll approximation, this becomes

52— 1287 ( V3 )
" 3 m8v’2 )’

where V' stands for dV/de¢.

(b) All quantities in this expression are assumed to be evaluated at horizon-crossing:
k/a = H. Since H is nearly constant during inflation, the scale dependence of §2 can

be evaluated by using .
d/dink =d/dna = (¢/H)d/dep.

Hence prove the slow-roll expression for the tilt of the inflationary power spectrum:

d
dlnk

Iné2 =n—1=2n—6e.



