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SynopsisThiscourseisintendedtoactasanextensionofthecurrent4th-yearcourseonAstrophysicalCosmology,which
developsthebasictoolsfordealingwithobservationsinanexpandinguniverse,andgivesanoverviewofsomeofthecentral
topicsincontemporaryresearch.Theaimhereistorevisitthismaterialatalevelofdetailmoresuitableasafoundation
forunderstandingcurrentresearch.Cosmologyhasastandardmodelforunderstandingtheuniverse,inwhichthedominant
themeistheenergydensityofthevacuum.Thisisobservedtobenon-zerotoday,andishypothesisedtohavebeenmuch
largerinthepast,causingthephenomenonof‘inflation’.Aninflationaryphasecannotonlylaunchtheexpandinguniverse,
butcanalsoseedirregularitiesthatsubsequentlygrowundergravitytocreategalaxies,superclustersandanisotropiesinthe
microwavebackground.Thecoursewillpresentthemethodsforanalysingthesephenomena,leadingontosomeofthefrontier
issuesincosmology,particularlythepossibleexistenceofextradimensionsandmanyuniverses.Itisintendedthatthecourse
shouldbeselfcontained;previousattendanceatcoursesoncosmologyorgeneralrelativitywillbeuseful,butnotessential.

Recommendedbooks(inreservesectionofROElibrary)

Peacock:CosmologicalPhysics(CUP)Givesanoverviewofcosmologyatthelevelofthiscourse,butcontainsmuchmore
thanwillbecoveredhere.Morerecentdevelopmentstobecoveredinthelecturesarenotinthebook.
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Dodelson:ModernCosmology(Wiley)Concentratingonthedetailsofrelativisticperturbationtheory,withapplications
totheCMB.Higherlevelthanthiscourse,butcontainsmanyusefulthings.

Othergoodbooksforalternativeperspectivesandextradetail:

Mukhanov:PhysicalFoundationsofCosmology(CUP)
Peebles:PrinciplesofPhysicalCosmology(Princeton)
Weinberg:Gravitation&Cosmology(Wiley)
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Syllabus

(1)ReviewofFriedmannmodelsFRWspacetime;Dynamics;Observables;Horizons

(2)ThehotbigbangThermalhistory;Freezeout;Relics;Recombinationandlastscattering

(3)Inflation–IInitialconditionproblems;Planckera;PhysicsbeyondtheSM;Scalarfields;Noether’stheorem

(4)Inflation–IIThezooofinflationmodels;Equationofmotion;Slow-roll;Endinginflation

(5)FluctuationsfrominflationGaugeissues;Powerspectra;Basicsoffluctuationgeneration;Tilt;Tensormodes;
Eternalinflation

(6)Structureformation–INewtoniananalysisneglectingpressure;Perturbationmodes;Coupledperturbations;
mattertransferfunctions

(7)Structureformation–IINonlineardevelopment:Sphericalmodel;Lagrangianapproach;N-bodysimulations;
Dark-matterhaloes&massfunction;Gascooling;Briefoverviewofgalaxyformation

(8)GravitationallensingBasicsoflightdeflection;stronglensingandmassmeasurement;weaklensingandmapping
darkmatter

(9)CMBanisotropies-IAnisotropymechanisms;OverviewofBoltzmannapproach;Powerspectrum;Properties
ofthetemperaturefield

(10)CMBanisotropies-IIGeometricaldegeneracies;Reionization;Polarizationandtensormodes;Thecosmological
standardmodel

(11)FrontiersMeasuringdarkenergy;Extradimensionsandmodifiedgravity;anthropicsandthemultiverse
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1ReviewofFriedmannmodels

Topicstobecovered:

•CosmologicalspacetimeandRWmetric

•ExpansiondynamicsandFriedmannequation

•Calculatingdistancesandtimes

1.1Cosmologicalspacetime

Oneofthefundamentalsofacosmologist’stoolkitistobeabletoassigncoordinatestoeventsin
theuniverse.Weneedalarge-scalenotionofspaceandtimethatallowsustorelateobservationswe
makehereandnowtophysicalconditionsatsomelocationthatisdistantintimeandspace.The
startingpointistherelativisticideathatspacetimemusthaveametric:theequivalenceprinciple
saysthatconditionsaroundourdistantobjectwillbeasinspecialrelativity(ifitisfreelyfalling),
sotherewillbetheusualideaoftheintervalorpropertimebetweenevents,whichwewantto
rewriteintermsofourcoordinates:

−ds
2
=c

2
dτ

2
=c

2
dt
′2
−dx

′2
−dy

′2
−dz

′2
=gµνdx

µ
dx

ν
.(1)

Here,dashedcoordinatesarelocaltotheobject,undashedaretheglobalcoordinatesweuse.As
usual,theGreekindicesrunfrom0to3.Notetheambiguityindefiningthesignofthesquared
interval.Thematrixgµνisthemetrictensor,whichisfoundinprinciplebysolvingEinstein’s
gravitationalfieldequations.Asimpleralternative,whichfortunatelymatchestheobserveduniverse
prettywell,istoconsiderthemostsymmetricpossibilitiesforthemetric.

isotropicexpansionAgainaccordingtoEinstein,anyspacetimewithnon-zeromattercontent
musthavesomespacetimecurvature,i.e.themetriccannothavethespecialrelativityform
diag(+1,−1,−1,−1).Thiscurvatureissomethingintrinsictothespacetime,anddoesnotneed
tobeassociatedwithextraspatialdimensions;theseareneverthelessausefulintuitivewayof
understandingcurvedspacessuchasthe2Dsurfaceofa3Dsphere.Tomotivatewhatistocome,
considerthehigher-dimensionalanalogueofthissurface:somethingthatisalmosta4D(hyper)sphere
inEuclidean5Dspace:

x
2
+y

2
+z

2
+w

2
−v

2
=R

2
(2)
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wherethemetricis

ds
2
=dx

2
+dy

2
+dz

2
+dw

2
−dv

2
.(3)

Effectively,wehavemadeonecoordinateimaginarybecauseweknowwewanttoendupwiththe
4Dspacetimesignature.

ThismaximallysymmetricspacetimeisknownasdeSitterspace.Itlookslikeastatic
spacetime,butrelativitycanbedeceptive,astheinterpretationdependsonthecoordinatesyou
choose.Supposewere-expressthingsusingtheanaloguesofpolarcoordinates:

v=Rsinhα

w=Rcoshαcosβ

z=Rcoshαsinβcosγ

y=Rcoshαsinβsinγcosδ

x=Rcoshαsinβsinγsinδ.

(4)

Thishastheadvantagethatitisanorthogonalcoordinatesystem:avectorsuchaseα=
∂(x,y,z,w,v)/∂αisorthogonaltoalltheotherei(mostsimplyseenbyconsideringeδandimagining
continuingtheprocesstostillmoredimensions).Thesquaredlengthofthevectorisjustthesumof
|eαi|

2
dα

2
i,whichmakesthemetricinto

ds
2
=−R

2
dα

2
+R

2
cosh

2
α
(

dβ
2
+sin

2
(β)[dγ

2
+sin

2
γdδ

2
]
)

,(5)

whichbyanobviouschangeofnotationbecomes

c
2
dτ

2
=c

2
dt

2
−R

2
cosh

2
(ct/R)

(

dr
2
+sin

2
(r)[dθ

2
+sin

2
θdφ

2
]
)

.(6)

Nowwehaveacompletelydifferentinterpretationofthemetric:

(interval)
2
=(timeinterval)

2
−(scalefactor)

2
(comovinginterval)

2
.(7)

Thereisauniversalcosmologicaltime,whichisthetickingofclocksatconstantcomoving
radiusrandconstantangleonthesky.Thespatialpartofthemetricexpandswithtime,according
toauniversalscalefactorR(t)=Rcosh(ct/R),sothatparticlesatconstantrrecedefromthe
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origin,andmustthussufferaDopplerredshift.Thisofcoursepresumesthatconstantrcorresponds
totheactualtrajectoryofafreeparticle,whichwehavenotproved–althoughitistrue.

Historically,deSitterspacewasextremelyimportantincosmology,althoughitwasnot
immediatelyclearthatthemodelisnon-static.Itwaseventuallyconcluded(in1923,byWeyl)
thatonewouldexpectaredshiftthatincreasedlinearlywithdistanceindeSitter’smodel,but
thiswasinterpretedasmeasuringtheconstantradiusofcurvatureofspacetime,R.Bythistime,
Slipherhadalreadyestablishedthatmostgalaxieswereredshifted.Hubble’s1929‘discovery’of
theexpandinguniversewasexplicitlymotivatedbythepossibilityoffindingthe‘deSittereffect’
(althoughwenowknowthathissamplewastooshallowtobeabletodetectitreliably).

Inshort,ittakesmorethanjusttheappearanceofR(t)inametrictoprovethatsomethingis
expanding.Thatthisisthecorrectwaytothinkaboutthingsonlybecomesapparentwhenwetake
alocal(andthusNewtonian,thankstotheequivalenceprinciple)lookatparticledynamics.Then
itbecomesclearthatastaticdistributionoftestparticlesisimpossibleingeneral,sothatitmakes
moresensetouseanexpandingcoordinatesystemdefinedbythelocationsofsuchasetofparticles.

therobertson-walkermetricThedeSittermodelisonlyoneexampleofanisotropically
expandingspacetime,andweneedtomaketheideageneral.Whatweareinterestedinisasituation
where,locally,allpositionvectorsattimetarejustscaledversionsoftheirvaluesatareferencetime
t0:

x(t)=R(t)x(t0),(8)

whereR(t)isthescalefactor.Differentiatingthiswithrespecttotgives

ẋ(t)=Ṙ(t)x(t0)=[Ṙ(t)/R(t)]x(t),(9)

oravelocityproportionaltodistance,independentoforigin,with

H(t)=Ṙ(t)/R(t).(10)

ThecharacteristictimeoftheexpansioniscalledtheHubbletime,andtakesthevalue

tH≡H
−1

=9.78Gyr×(H/100kms
−1
Mpc

−1
)
−1
.(11)
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AswithdeSitterspace,weassumeacosmologicaltimet,whichisthetimemeasuredby
theclocksoftheseobservers–i.e.tisthepropertimemeasuredbyanobserveratrestwithrespect
tothelocalmatterdistribution.Itmakessensethatsuchauniversaltimeexistsifweacceptthat
wearelookingformodelsthatarehomogeneous,sothattherearenopreferredlocations.This
isobviousindeSitterspace:becauseitderivesfroma4-sphere,allspacetimepointsaremanifestly
equivalent:thespacetimecurvatureandhencethematterdensitymustbeaconstant.Thenextstep
istotoweakenthissothatconditionscanchangewithtime,butareuniformatagiventime.A
cosmologicaltimecoordinatecanthenbedefinedandsynchronizedbysettingclockstoareference
valueatsomestandarddensity.

ByanalogywiththedeSitterresult,wenowguessthatthespatialmetricwillfactorizeinto
thescalefactortimesacomovingpartthatincludescurvature.ThisoverallRobertson–Walkermetric
(RWmetric),canbewrittenas:

c
2
dτ

2
=c

2
dt

2
−R

2
(t)

[

dr
2
+S

2
k(r)dψ

2
]

.(12)

Theangledψseparatestwopointsonthesky,sothatdψ
2
=dθ

2
+sin

2
θdφ

2
insphericalpolars.The

functionSk(r)allowsforpositiveandnegativecurvatureofthecomovingpartofthemetric:

Sk(r)≡







sinr(k=+1)
sinhr(k=−1)
r(k=0).

(13)

Weonlysawthek=+1caseofthisinthedeSitterexample,butmathematicallywecanthen
generatethek=−1casebylettingRandrbothbecomeimaginary.

Thecomovingradiusrisdimensionless,andthescalefactorRreallyisthespatialradius
ofcurvatureoftheuniverse.Botharerequiredinordertogiveacomovingdistancedimensionsof
length–e.g.thecombinationR0Sk(r).Nevertheless,itisoftenconvenienttomakethescalefactor
dimensionless,via

a(t)≡
R(t)

R0
,(14)

sothata=1atthepresent.

7

lightpropagationandredshiftLightfollowstrajectorieswithzeropropertime(null
geodesics).Theradialequationofmotionthereforeintegratesto

r=

∫

cdt/R(t).(15)

Thecomovingdistanceisconstant,whereasthedomainofintegrationintimeextendsfromtemitto
tobs;thesearethetimesofemissionandreceptionofaphoton.Thusdtemit/dtobs=R(temit)/R(tobs),
whichmeansthateventsondistantgalaxiestime-dilate.Thisdilationalsoappliestofrequency,so

νemit

νobs
≡1+z=

R(tobs)

R(temit)
.(16)

Intermsofthenormalizedscalefactora(t)wehavesimplya(t)=(1+z)
−1
.Sojustbyobserving

shiftsinspectrallines,wecanlearnhowbigtheuniversewasatthetimethelightwasemitted.This
isthekeytoperformingobservationalcosmology.

1.2Cosmologicaldynamics

thefriedmannequationTheequationofmotionforthescalefactorresemblesNewtonian
conservationofenergyforaparticleattheedgeofauniformsphereofradiusR:

Ṙ
2
−
8πG

3
ρR

2
=−kc

2
.(17)

Thisisalmostobviouslytrue,sincetheNewtonianresultthatthegravitationalfieldinsideauniform
shelliszerodoesstillholdingeneralrelativity,andisknownasBirkhoff’stheorem.Forthe
presentcourse,wewillacceptthisquasi-Newtonian‘derivation’,andmerelyattempttojustifythe
formoftherhs.

Thisenergy-likeequationcanbeturnedintoaforce-likeequationbydifferentiatingwith
respecttotime:

R̈=−4πGR(ρ+3p/c
2
)/3.(18)
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Todeducethis,weneedtoknowρ̇,whichcomesfromconservationofenergy:

d[ρc
2
R

3
]=−pd[R

3
].(19)

Thesurprisingfactorhereistheoccurrenceoftheactivemassdensityρ+3p/c
2
.Thisishere

becausetheweak-fieldformofEinstein’sgravitationalfieldequationsis

∇
2
Φ=4πG(ρ+3p/c

2
).(20)

Theextratermfromthepressureisimportant.Asanexample,consideraradiation-dominated
fluid–i.e.onewhoseequationofstateisthesameasthatofpureradiation:p=u/3,whereuis
theenergydensity.Forsuchafluid,ρ+3p/c

2
=2ρ,soitsgravityistwiceasstrongaswemight

haveexpected.

ButthegreatestastonishmentintheFriedmannequationisthetermontherhs.Thisis
relatedtothecurvatureofspacetime,andk=0,±1isthesameintegerthatisfoundintheRW
metric.ThiscannotbecompletelyjustifiedwithouttheFieldEquations,buttheflatk=0case
isreadilyunderstood.Writetheenergy-conservationequationwithanarbitraryrhs,butdivide
throughbyR

2
:

H
2
−
8πG

3
ρ=

const

R2.(21)

NowimagineholdingtheobservablesHandρconstant,butletR→∞;thishastheeffectofmaking
therhsoftheFriedmannequationindistinguishablefromzero.Lookingatthemetricwithk6=0,
R→∞withRrfixedimpliesr→0,sothedifferencebetweenSk(r)andrbecomesnegligibleand
wehaveineffectthek=0case.

Thereisthusacriticaldensitythatwillyieldaflatuniverse,

ρc=
3H

2

8πG
.(22)

Itiscommontodefineadimensionlessdensityparameterastheratioofdensitytocritical
density:

Ω≡
ρ

ρc
=
8πGρ

3H2.(23)
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Thecurrentvalueofsuchparametersshouldbedistinguishedbyazerosubscript.Intheseterms,
theFriedmannequationgivesthepresentvalueofthescalefactor:

R0=
c

H0
[k/(Ω0−1)]

1/2
,(24)

whichdivergesastheuniverseapproachestheflatstatewithΩ=1.Inpractice,Ω0issuchacommon
symbolincosmologicalformulae,thatitisnormaltoomitthezerosubscript.Wecanalsodefinea
dimensionless(current)Hubbleparameteras

h≡
H0

100kms−1Mpc−1,(25)

intermsofwhichthecurrentdensityoftheuniverseis

ρ0=1.878×10
−26

Ωh
2
kgm

−3

=2.775×10
11
Ωh

2
M⊙Mpc

−3
.

(26)

modelswithgeneralequationsofstateTosolvetheFriedmannequation,weneed
tospecifythemattercontentoftheuniverse,andtherearetwoobviouscandidates:pressureless
nonrelativisticmatter,andradiation-dominatedmatter.Thesehavedensitiesthatscalerespectively
asa

−3
anda

−4
.Thefirsttworelationsjustsaythatthenumberdensityofparticlesisdilutedbythe

expansion,withphotonsalsohavingtheirenergyreducedbytheredshift.Wecanbemoregeneral,
andwonderiftheuniversemightcontainanotherformofmatterthatwehavenotyetconsidered.
Howthisvarieswithredshiftdependsonitsequationofstate.Ifwedefinetheparameter

w≡p/ρc
2
,(27)

thenconservationofenergysays

d(ρc
2
V)=−pdV⇒d(ρc

2
V)=−wρc

2
dV⇒dlnρ/dlna=−3(w+1),(28)

so

ρ∝a
−3(w+1)

(29)
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ifwisconstant.Pressurelessnonrelativisticmatterhasw=0andradiationhasw=1/3.

Butthismaynotbeanexhaustivelist,andtheuniversecouldcontainsubstanceswithless
familiarequationsofstate.Inventingnewformsofmattermayseemlikeasillygametoplay,but
cosmologycanbetheonlywaytolearnifsomethingunexpectedexists.Aswewillseeinmoredetail
later,moderndataforceustoacceptacontributionthatisapproximatelyindependentoftimewith
w≃−1:avacuumenergythatissimplyaninvariantpropertyofemptyspace.Ageneralname
forthiscontributionisdarkenergy,reflectingourignoranceofitsnature(althoughthenameis
notverygood,sinceitistoosimilartodarkmatter:‘darktension’wouldbetterreflectitsunusual
equationofstatewithnegativepressure).

Intermsofobservables,thismeansthatthedensityiswrittenas

8πGρ

3
=H

2
0(Ωva

−3(w+1)
+Ωma

−3
+Ωra

−4
)(30)

(usingthenormalizedscalefactora=R/R0).Wewillgenerallysetw=−1withoutcomment,
exceptwherewewanttofocusexplicitlyonthisparameter.Thisexpressionallowsustowritethe
Friedmannequationinamannerusefulforpracticalsolution.StartwiththeFriedmannequationin
theformH

2
=8πGρ/3−kc

2
/R

2
.Insertingtheexpressionforρ(a)gives

H
2
(a)=H

2
0

[

Ωv+Ωma
−3

+Ωra
−4
−(Ω−1)a

−2
]

.(31)

Thisequationisinaformthatcanbeintegratedimmediatelytogett(a).Thisisnotpossible
analyticallyinallcases,norcanwealwaysinverttogeta(t),buttherearesomeusefulspecialcases
worthknowing.MostlytheserefertotheflatuniversewithtotalΩ=1.Curvaturecanalways
beneglectedatsufficientlyearlytimes,ascanvacuumdensity(exceptthatthetheoryofinflation
postulatesthatthevacuumdensitywasverymuchhigherintheverydistantpast).Thesolutions
looksimplestifweappreciatethatnormalizationtothecurrenteraisarbitrary,sowecanchoose
a=1tobeataconvenientpointwherethedensitiesoftwomaincomponentscrossover.Also,
theHubbleparameteratthatpoint(H∗)setsacharacteristictime,fromwhichwecanmakea
dimensionlessversionτ≡tH∗.

matterandradiationUsingdashestodenoted/d(t/τ),wehavea
′2
=(a

−2
+a

−1
)/2,which

issimplyintegratedtoyield

τ=
2
√
2

3

(

2+(a−2)
√
1+a

)

.(32)
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Thiscanbeinvertedtoyielda(τ),butthefullexpressionistoouglytobemuchuse.Itwillsuffice
tonotethelimits:

τ≪1:a=(
√
2τ)

1/2
.

τ≫1:a=(3τ/2
√
2)

2/3
,

(33)

sotheuniverseexpandsast
1/2

intheradiationera,whichbecomest
2/3

oncematterdominates.
Boththesepowersareshallowerthant,reflectingthedeceleratingnatureoftheexpansion.

radiationandvacuumNowwehavea
′2
=(a

−2
+a

2
)/2,whichiseasilysolvedintheform

(a
2
)
′
/
√
2=

√

1+(a2)2,andsimplyinverted:

a=
(

sinh(
√
2τ)

)

1/2

.(34)

Here,wemovefroma∝t
1/2

atearlytimestoanexponentialbehaviourcharacteristicofvacuum-
dominateddeSitterspace.Thiswouldbeanappropriatemodelfortheonsetofaphaseof
inflationfollowingabig-bangsingularity.

matterandvacuumHere,a
′2
=(a

−1
+a

2
)/2,whichcanbetackledviathesubstitution

y=a
3/2

,toyield

a=
(

sinh(3τ/2
√
2)
)

2/3

.(35)

Thistransitionfromtheflatmatter-dominateda∝t
2/3

todeSitterspaceseemstobetheonethat
describesouractualuniverse(apartfromtheradiationeraatz>∼10

4
).

curvedmodelsWewillnotbeverystronglyconcernedwithhighlycurvedmodelsinthis
course,butitisworthknowingsomebasicfacts,asshowninfigure1(neglectingradiation).Ona
plotoftheΩm−Ωvplane,thediagonallineΩm+Ωv=1alwaysseparatesopenandclosedmodels.
IfΩv<0,recollapsealwaysoccurs–whereasapositivevacuumdensitydoesnotalwaysguarantee
expansiontoinfinity,especiallywhenthematterdensityishigh.Forclosedmodelswithsufficiently
highvacuumdensity,therewasnobigbanginthepast,andtheuniversemusthaveemergedfrom
a‘bounce’atsomefiniteminimumradius.Allthesestatementscanbededucedquitesimplyfrom
theFriedmannequation.
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Figure1.Thisplotshowsthedifferentpossibilitiesforthecosmologicalexpansion
asafunctionofmatterdensityandvacuumenergy.ModelswithtotalΩ>1arealways
spatiallyclosed(openforΩ<1),althoughclosedmodelscanstillexpandtoinfinityif
Ωv6=0.Ifthecosmologicalconstantisnegative,recollapsealwaysoccurs;recollapseis
alsopossiblewithapositiveΩvifΩm≫Ωv.IfΩv>1andΩmissmall,thereisthe
possibilityofa‘loitering’solutionwithsomemaximumredshiftandinfiniteage(top
left);forevenlargervaluesofvacuumenergy,thereisnobigbangsingularity.

1.3Observationalcosmology

ageoftheuniverseSince1+z=R0/R(z),wehave

dz

dt
=−

R0

R2

dR

dt
=−(1+z)H(z),(36)

sot(z)=
∫

∞

zH(z)
−1

dz/(1+z),where

H
2
(a)=H

2
0

[

Ωv+Ωma
−3

+Ωra
−4
−(Ω−1)a

−2
]

.(37)
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Thiscan’tbedoneanalyticallyingeneral,butthefollowingsimpleapproximateformulaisaccurate
toafew%forcasesofpracticalinterest:

H(z)t(z)≃
2

3
(0.7Ωm(z)−0.3Ωv(z)+0.3)

−0.3
.(38)

At10<z<1000,wherematterdominates,thisis

t≃(2/3)H
−1
≃(2/3)H

−1
0Ω

−1/2
m(1+z)

−3/2
.(39)

Foraflatuniverse,thecurrentageisH0t0≃(2/3)Ω
−0.3
m.Formanyyears,estimatesofthisproduct

werearoundunity,whichishardtounderstandwithoutvacuumenergy,unlessthedensityisvery
low(H0t0isexactly1inthelimitofanemptyuniverse).Thiswasoneofthefirstastronomical
motivationsforavacuum-dominateduniverse.

distance-redshiftrelationTheequationofmotionforaphotonisRdr=cdt,so
R0dr/dz=(1+z)cdt/dz,or

R0r=

∫

c

H(z)
dz.(40)

Rememberthatnon-flatmodelsneedthecombinationR0Sk(r),soonehastodividetheaboveintegral
byR0=(c/H0)|Ω−1|

−1/2
,applytheSkfunction,andthenmultiplybyR0again.Oncemore,this

processisnotanalyticingeneral.

particlehorizonIftheintegralforcomovingradiusistakenfromz=0to∞,wegetthe
fulldistanceaparticlecanhavetravelledsincethebigbang–thehorizondistance.Forflat
matter-dominatedmodels,

R0rH≃
2c

H0
Ω
−0.4
m.(41)

Athighredshift,whereHincreases,thistendstozero.Theonsetofradiationdominationdoesnot
changethis:eventhoughthepresentlyvisibleuniversewasonceverysmall,itexpandedsoquickly
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thatcausalcontactwasnoteasy.Theobservedlarge-scalenear-homogeneityisthereforesomething
ofapuzzle.

angulardiametersRecalltheRWmetric:

c
2
dτ

2
=c

2
dt

2
−R

2
(t)

[

dr
2
+S

2
k(r)dψ

2
]

.(42)

Thespatialpartsofthemetricgivethepropertransversesizeofanobjectseenbyusasitscomoving
sizedψSk(r)timesthescalefactoratthetimeofemission:

dℓ⊥=dψR(z)Sk(r)=dψR0Sk(r)/(1+z).(43)

Ifweknowr,wecanthereforeconverttheanglesubtendedbyanobjectintoitsphysicalextent
perpendiculartothelineofsight.

luminosityandfluxdensityImagineasourceatthecentreofasphere,onwhichwesit.
Thephotonsfromthesourcepassthoughapropersurfacearea4π[R0Sk(r)]

2
.Butredshiftstillaffects

thefluxdensityinfourfurtherways:(1)photonenergiesareredshifted,reducingthefluxdensityby
afactor1+z;(2)photonarrivalratesaretimedilated,reducingthefluxdensitybyafurtherfactor
1+z;(3)opposingthis,thebandwidthdνisreducedbyafactor1+z,whichincreasestheenergy
fluxperunitbandwidthbyonepowerof1+z;(4)finally,theobservedphotonsatfrequencyν0were
emittedatfrequency[1+z]×ν0.Overall,thefluxdensityistheluminosityatfrequency[1+z]ν0,
dividedbythetotalarea,dividedby1+z:

Sν(ν0)=
Lν([1+z]ν0)

4πR2
0S2

k(r)(1+z)
=

Lν(ν0)

4πR2
0S2

k(r)(1+z)1+α,(44)

wherethesecondexpressionassumesapower-lawspectrumL∝ν
−α
.

surfacebrightnessThefluxdensityistheproductofthespecificintensityIνandthe
solidanglesubtendedbythesource:Sν=IνdΩ.Combiningtheangularsizeandflux-density
relationsgivesarelationthatisindependentofcosmology:

Iν(ν0)=
Bν([1+z]ν0)

(1+z)3,(45)
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whereBνissurfacebrightness(luminosityemittedintounitsolidangleperunitareaofsource).
This(1+z)

3
dimmingmakesithardtodetectextendedobjectsatveryhighredshift.Thefactor

becomes(1+z)
4
ifweintegrateoverfrequencytogetabolometricquantity.

effectivedistancesTheangleandfluxrelationscanbemadetolookEuclidean:

angular−diameterdistance:DA=(1+z)
−1
R0Sk(r)

luminositydistance:DL=(1+z)R0Sk(r).
(46)

Someexampledistance-redshiftrelationsareshowninfigure2.Noticehowahighmatterdensity
tendstomakehigh-redshiftobjectsbrighter:strongerdecelerationmeanstheyarecloserforagiven
redshift.

2Thehotbigbang

Topicstobecovered:

•Thermalhistory

•Freezeout&relics

•Recombinationandlastscattering

2.1Thermalhistory

Althoughthetimescaleforexpansionoftheearlyuniverseisveryshort,thedensityisalsoveryhigh,
soitisnormallysensibletoassumethatconditionsareclosetothermalequilibrium.Alsothefluids
ofinterestaresimpleenoughthatwecantreatthemasperfectgases.Thethermodynamicsofsuch
agasisderivedstaringwithaboxofvolumeV=L

3
,andexpandingthefieldsinsideintoperiodic

waveswithharmonicboundaryconditions.Thedensityofstatesinkspaceis

dN=g
V

(2π)3d
3
k(47)
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Figure2.Aplotofdimensionlessangular-diameterdistanceversusredshiftfor
variouscosmologies.Solidlinesshowmodelswithzerovacuumenergy;dashedlines
showflatmodelswithΩm+Ωv=1.Inbothcases,resultsforΩm=1,0.3,0areshown;
higherdensityresultsinlowerdistanceathighz,duetogravitationalfocusingoflight
rays.

(wheregisadegeneracyfactorforspinetc.).Theequilibriumoccupationnumberforaquantum
stateofenergyǫisgivengenerallyby

〈f〉=
[

e
(ǫ−µ)/kT

±1
]

−1

(48)

(+forfermions,−forbosons).Now,forathermalradiationbackground,thechemicalpotential,
µisalwayszero.Thereasonforthisisquitesimple:µappearsinthefirstlawofthermodynamics
asthechangeinenergyassociatedwithachangeinparticlenumber,dE=TdS−PdV+µdN.So,
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asNadjuststoitsequilibriumvalue,weexpectthatthesystemwillbestationarywithrespectto
smallchangesinN.Thethermalequilibriumbackgroundnumberdensityofparticlesis

n=
1

V

∫

fdN=g
1

(2πh̄)3

∫

∞

0

4πp
2
dp

eǫ(p)/kT±1
,(49)

wherewehavechangedtomomentumspace;ǫ=
√

m2c4+p2c2andgisthedegeneracyfactor.
Therearetwointerestinglimitsofthisexpression.

(1)Ultrarelativisticlimit.ForkT≫mc
2
theparticlesbehaveasiftheyweremassless,andwe

get

n=

(

kT

c

)

3
4πg

(2πh̄)3

∫

∞

0

y
2
dy

ey±1
.(50)

(2)Non-relativisticlimit.Herewecanneglectthe±1intheoccupationnumber,inwhichcasethe
numberissuppressedbyadominantexp(−mc

2
/kT)factor.Thisshowsusthatthebackground

‘switcheson’ataboutkT∼mc
2
;atthisenergy,knownasathreshold,photonsandother

speciesinequilibriumwillhavesufficientenergytocreateparticle-antiparticlepairs.

Theabovethermodynamicsalsogivestheenergydensityofthebackground,sinceitisonly
necessarytomultiplytheintegrandbyafactorǫ(p)fortheenergyineachmode:

u=ρc
2
=g

1

(2πh̄)3

∫

∞

0

4πp
2
dp

eǫ(p)/kT±1
ǫ(p).(51)

Intheultrarelativisticlimit,ǫ(p)=pc,thisbecomes

u=
π

2

30(h̄c)3g(kT)
4

(bosons).(52)

ThethermodynamicpropertiesofFermionscanbeobtainedfromthoseofBosonicblack-body
radiationbythefollowingtrick:1/(e

x
+1)=1/(e

x
−1)−2/(e

2x
−1).Thus,agasoffermions

lookslikeamixtureofbosonsattwodifferenttemperatures.Knowingthatbosonnumberdensity
andenergydensityscaleasn∝T

3
andu∝T

4
,wefindnF=(3/4)nB;uF=(7/8)uB.
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Itwillalsobeusefultoknowtheentropyofthebackground.Thisisnottoohard
toworkout,becauseenergyandentropyareextensivequantitiesforathermalbackground.Thus,
writingthefirstlawforµ=0andusing∂S/∂V=S/Vetc.forextensivequantities,

dE=TdS−PdV⇒
(

E

V
dV+

∂E

∂T
dT

)

=

(

T
S

V
dV+T

∂S

∂T
dT

)

−PdV.(53)

EquatingthedVanddTpartsgivesthefamiliar∂E/∂T=T∂S/∂Tand

S=
E+PV

T
(54)

Theseresultstakeaninterestingandsimpleformintheultrarelativisticlimit.Theenergy
density,u,obeystheusualblack-bodyscalingu∝T

4
.Intheultrarelativisticlimit,wealsoknow

thatthepressureisP=u/3,sothattheentropydensityis

s=(4/3)u/T=
2π

2
k

45(h̄c)3g(kT)
3

(bosons),(55)

and7/8ofthisforfermions.Now,wesawearlierthatthenumberdensityofanultrarelativistic
backgroundalsoscalesasT

3
–thereforewehavethesimpleresultthatentropyjustcountsthe

numberofparticles.Thisjustifiesacommonpieceofterminology,inwhichtheratioofthenumber
densityofphotonsintheuniversetothenumberdensityofbaryons(protonsplusneutrons)is
calledtheentropyperbaryon.

degreesoffreedomOverall,theequilibriumrelativisticdensityis

ρc
2
=

π
2

30(h̄c)3geff(kT)
4
;geff≡

∑

bosons

gi+
7

8

∑

fermions

gj,(56)

expressingthefermioncontributionasaneffectivenumberofbosons.Asimilarrelationholdsfor
entropydensity:s=[2π

2
k/45(h̄c)

3
]heff(kT)

3
.Inequilibrium,heff=geff,butthisceasestobe

trueatlatetimes,whentheneutrinosandphotonshavedifferenttemperatures.Thegefffunctions
areplottedagainstphotontemperatureinfigure3.Theystartatanumberdeterminedbythe
totalnumberofdistinctelementaryparticlesthatexist(oforder100,accordingtothestandard
modelofparticlephysics),andfallasthetemperaturedropsandmorespeciesofparticlesbecome
nonrelativistic.
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Figure3.Thenumberofrelativisticdegreesoffreedomasafunctionofphoton
temperature.geffmeasurestheenergydensity;hefftheentropy(dashedline).The
twodepartsignificantlyatlowtemperatures,whentheneutrinosarecoolerthanthe
photons.Forauniverseconsistingonlyofphotons,wewouldexpectg=2.Themain
featuresvisibleare(1)Theelectroweakphasetransitionat100Gev;(2)TheQCD
phasetransitionat200MeV;(3)thee

±
annihilationat0.3MeV.

timeandtemperatureThistemperature-dependentequilibriumdensitysetsthetimescale
forexpansionintheearlyuniverse.Usingtherelationbetweentimeanddensityforaflatradiation–
dominateduniverse,t=(32πGρ/3)

−1/2
,wecandeducethetime–temperaturerelation:

t/seconds=g
−1/2
eff

(

T/10
10.26

K
)

−2
.(57)

Thisisindependentofthepresent-daytemperatureofthephotonbackground,whichmanifestsitself
asthecosmicmicrowavebackground(CMB),

T=2.725±0.002K.(58)
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Thistemperaturewasofcoursehigherinthepast,owingtotheadiabaticexpansionoftheuniverse.
Frequently,wewillassume

T(z)=2.725(1+z),(59)

whichisjustifiedinformallybyarguingthatphotonenergiesscaleasE∝1/aandsayingthatthe
typicalenergyinblack-bodyradiationis∼kT.Beingmorecareful,weshouldconserveentropy,so
thats∝a

−3
.Sinces∝T

3
whileheffisconstant,thisrequiresT∝1/a.Butclearlythisdoesnot

applynearathreshold.Atthesepoints,heffchangesrapidlyandtheuniversewillexpandatnearly
constanttemperatureforaperiod.

Theenergydensityinphotonsissupplementedbythatoftheneutrinobackground.Because
theyhavealowertemperature,asshownbelow,theycontributeanenergydensity0.68timesthat
fromthephotons(iftheneutrinosaremasslessandthereforerelativistic).Iftherearenoother
contributionstotheenergydensityfromrelativisticparticles,thenthetotaleffectiveradiationdensity
isΩrh

2
≃4.2×10

−5
andtheredshiftofmatter–radiationequalityis

1+zeq=24074Ωh
2
(T/2.725K)

−4
.(60)

Thetimeofthischangeintheglobalequationofstateisoneofthekeyepochsindeterminingthe
appearanceofthepresent-dayuniverse.

Thefollowingtableshowssomeofthekeyeventsinthehistoryoftheuniverse.Notethat,
forveryhightemperatures,energyunitsforkTareoftenquotedinsteadofT.Theconversionis
kT=1eVforT=10

4.06
K.Someofthenumbersarerounded,ratherthanexact;also,someof

themdependalittleonΩandH0.Wherenecessary,aflatmodelwithΩ=0.3andh=0.7hasbeen
assumed.

EventTkTgeffredshifttime

Now2.73K0.0002eV3.3013Gyr
Distantgalaxy16K0.001eV3.351Gyr
Recombination3000K0.3eV3.3110010

5.6
years

Radiationdomination9500K0.8eV3.3350010
4.7

years
Electronpairthreshold10

9.7
K0.5MeV1110

9.5
3s

Nucleosynthesis10
10
K1MeV1110

10
1s

Nucleonpairthreshold10
13
K1GeV7010

13
10
−6.6

s
Electroweakunification10

15.5
K250GeV10010

15
10
−12

s
Grandunification10

28
K10

15
GeV100(?)10

28
10
−36

s
Quantumgravity10

32
K10

19
GeV100(?)10

32
10
−43

s
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2.2Freezeoutandrelics

Sofar,wehaveassumedthatthermalequilibriumwillbefollowedintheearlyuniverse,butthisisfar
fromobvious.Equilibriumisproducedbyreactionsthatinvolveindividualparticles,e.g.e

+
e
−
↔2γ

convertsbetweenelectron-positronpairsandphotons.Whenthetemperatureislow,typicalphoton
energiesaretoolowforthisreactiontoproceedfromrighttoleft,sothereisnothingtobalance
annihilations.

Nevertheless,theannihilationsonlyproceedatafiniterate:eachmemberofthepairhasto
findapartnertointeractwith.Wecanexpressthisbywritingasimpledifferentialequationforthe
electrondensity,calledtheBoltzmannequation:

ṅ+3Hn=−〈σv〉n
2
+S,(61)

whereσisthereactioncross-section,vistheparticlevelocity,andSisasourcetermthatrepresents
thermalparticleproduction.The3Hntermjustrepresentsdilutionbytheexpansionoftheuniverse.
Leavingasidethesourcetermforthemoment,weseethatthechangeinninvolvestwotimescales:

expansiontimescale=H(z)
−1

interactiontimescale=(〈σv〉n)
−1(62)

Boththesetimesincreaseastheuniverseexpands,buttheinteractiontimeusuallychangesfastest.
Thesituationthereforechangesfromoneofthermalequilibriumatearlytimestoastateof
freezeoutordecouplingatlatetimes.Oncetheinteractiontimescalebecomesmuchlonger
thantheageoftheuniverse,theparticlehaseffectivelyceasedtointeract.Itthuspreservesa
‘snapshot’ofthepropertiesoftheuniverseatthetimetheparticlewaslastinthermalequilibrium.
Thisphenomenonoffreezeoutisessentialtotheunderstandingofthepresent-daynatureofthe
universe.Itallowsforawholesetofrelicstoexistfromdifferentstagesofthehotbigbang.

TocompletetheBoltzmannequation,weneedthesourcetermS.Thistermcanbefixed
byathermodynamicequilibriumargument:foranon-expandinguniverse,nwillbeconstantatthe
equilibriumvalueforthattemperature,nT,showingthat

S=〈σv〉n
2
T.(63)
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IfwedefinecomovingnumberdensitiesN≡a
3
n(effectivelytheratioofntotherelativisticdensity

forthattemperature,nrel),therateequationcanberewritteninthesimpleform

dlnN

dlna
=−

Γ

H

[

1−
(

NT

N

)

2
]

,(64)

whereΓ=n〈σv〉istheinteractionrateexperiencedbytheparticles.

Unfortunately,thisequationmustbesolvednumerically.Themainfeaturesareeasyenough
tosee,however.Supposefirstthattheuniverseissustainingapopulationinapproximatethermal
equilibrium,N≃NT.Ifthepopulationunderstudyisrelativistic,NTdoesnotchangewithtime,
becausenT∝T

3
andT∝a

−1
.ThismeansthatitispossibletokeepN=NTexactly,whatever

Γ/H.Itwouldhoweverbegrosslyincorrecttoconcludefromthisthatthepopulationstaysinthermal
equilibrium:ifΓ/H≪1,atypicalparticlesuffersnointeractionsevenwhiletheuniversedoubles
insize,halvingthetemperature.Agoodexampleisthemicrowavebackground,whosephotonslast
interactedwithmatteratz≃1100.

Nowconsidertheoppositecase,wherethethermalsolutionwouldbenonrelativistic,with
NT∝T

−3/2
exp(−mc

2
/kT).Ifthebackgroundstaysattheequilibriumvalue,thelhsoftherate

equationwillthereforebenegativeand≫1inmagnitude.ThisisconsistentifΓ/H≫1,because
thenthe(NT/N)

2
termontherhscanstillbeclosetounity.However,ifΓ/H≪1,theremustbea

deviationfromequilibrium.WhenNTchangessufficientlyfastwitha,theactualabundancecannot
keepup,sothatthe(NT/N)

2
termontherhsbecomesnegligibleanddlnN/dlna≃−Γ/H,which

is≪1.Thereisthereforeacriticaltimeatwhichthereactionratedropslowenoughthatparticles
aresimplyconservedastheuniverseexpands–thepopulationhasfrozenout.Thisprovidesa
moredetailedjustificationfortheintuitiverule-of-thumbusedabovetodefinedecoupling,

N(a→∞)=NT(Γ/H=1).(65)

Exactnumericalsolutionsoftherateequationalmostalwaysturnoutveryclosetothissimplerule,
asshowninfigure4.
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Figure4.SolutionoftheBoltzmannequationforfreezeoutofasinglemassive
fermion.WesetΓ/H=ǫ(kT/mc

2
)N/Nrel,asappropriateforaradiation-dominated

universeinwhich〈σv〉isassumedtobeindependentoftemperature.Thesolidlines
showthecaseǫ=1andincreasingbypowersof2.Ahighvalueofǫleadstofreezeout
atincreasinglylowabundances.Thedashedlinesshowtheabundancepredictedby
thesimplerecipeofthethermaldensityforwhichΓ/H=1.

therelicdensityTheabovefreezeoutcriterioncanbeusedtodeduceasimpleandvery
importantexpressionforthepresent-daydensityofanon-relativisticrelic:

Ωrelich
2
≃0.03(σ/pb)

−1
,(66)

wherethe‘picobarn’is1pb=10
−40

m
2
.Thusonlyasmallrangeofannihilationcross-sections

willbeofobservationalinterest.Thestepsneededtogetthisformulaareasfollows.(1)From
Γ/H=1,thenumberdensityofrelicsatfreezeoutisnf=Hf/〈σv〉;(2)H=(8πGρ/3)

1/2
,where

ρc
2
=(π

2
/30h̄

3
c
3
)geff(kT)

4
;(3)Ωrelic=8πGmn0/3H

2
0.Theonlymissingingredienthereishow
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torelatethepresentnumberdensityn0tothedensitynfattemperatureTf.Sincetherelicsare
conserved,thenumberdensitymusthavefallenbythesamefactorastheentropydensity:

nf/n0=(h
f
effT

3
f)/(h

0
effT

3
0).(67)

Today,h
0
eff=43/11,andh

f
eff=geffathighredshift.Thisallowsustodeducetherelicdensity,given

themass,cross-sectionandtemperatureoffreezeout:

Ωrelich
2
≃
10
−33.0

m
2

〈σv〉

(

mc
2

kTf

)

g
−1/2
eff.(68)

Weseefromfigure4thatmc
2
/kTf∼10withonlyalogarithmicdependenceonreactionrate,which

roughlycancelsthelastfactorontherhs.Finally,sinceparticlesarenearlyrelativisticatfreezeout,we
set〈σv〉=σctogetourfinalestimateofthetypicalcross-sectionforaninterestingrelicabundance.
Theeventualconclusionmakessense:thehigherthecross-section,thelongertheparticlecanstay
inequilibrium,andthemoreeffectiveannihilationscanbeinsuppressingthenumberdensity.Note
that,indetail,weneedtoworryaboutwhethertheparticleisaMajoranaparticle(i.e.itsown
antiparticle)oraDiracparticlewhereparticlesandantiparticlesaredistinct.

neutrinodecouplingThebestcaseforapplicationofthisfreezeoutapparatusistorelic
neutrinos.Atthelaterstagesofthebigbang,energiesaresuchthatonlylightparticlessurvivein
equilibrium:photons(γ),neutrinos(ν)ande

+
e
−
pairs.AsthetemperaturefallsbelowTe=10

9.7

K),thepairswillannihilate.Electronscaninteractviaeithertheelectromagneticortheweak
interaction,soinprincipletheannihilationsmightyieldpairsofphotonsorneutrinos.However,in
practicetheweakreactionsfreezeoutearlier,atT≃10

10
K.

Theeffectoftheelectron-positronannihilationisthereforetoenhancethenumbersofphotons
relativetoneutrinos.Strictly,whatisconservedinthisprocessistheentropy.Theentropyofan
e
±
+γgasiseasilyfoundbyrememberingthatitisproportionaltothenumberdensity,andthatall

threeparticlespecieshaveg=2(polarizationorspin).Thetotalisthen

s(γ+e
+
+e

−
)=

11

4
s(γ).(69)
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Equatingthistophotonentropyatanewtemperaturegivesthefactorbywhichthephoton
temperatureisenhancedwithrespecttothatoftheneutrinos.Thusweinfertheexistenceofa
neutrinobackgroundwithatemperature

Tν=

(

4

11

)

1/3

Tγ=1.945K,(70)

forTγ=2.725K.Theserelativisticrelicneutrinoscontributeanenergydensitythatisafactor
(7/8)×(4/11)

4/3
timesthatofthephotons.Forthreeneutrinospecies,thisenhancestheenergy

densityinrelativisticparticlesbyafactor1.68(therearethreedifferentkindsofneutrinos,justas
therearethreeleptons:theµandτparticlesareheavyanaloguesoftheelectron).

massiveneutrinosTheoreticalprogressinunderstandingtheoriginofmassesinparticle
physicsmeansthatthereisnoreasonfortheneutrinotobecompletelydevoidofmass.Also,there
isnowclearexperimentalevidencethatneutrinoshaveasmallnon-zeromass.Theconsequences
ofthisforcosmologycouldbequiteprofound,asrelicneutrinosareexpectedtobeveryabundant.
Theabovesectionshowedthatn(ν+ν)=(3/4)n(γ;T=1.945K).Thatyieldsatotalof113relic
neutrinosineverycm

3
foreachspecies.Supposetheseneutrinoswereultrarelativisticatdecoupling:

astheuniverseexpandstokT<mνc
2
,thetotalnumberofneutrinosispreserved,sothepresent-day

massdensityinneutrinosisjustthezero-massnumberdensitytimesmν,andtheconsequencefor
thecosmologicaldensityinlightneutrinosiseasilyworkedouttobe

Ωνh
2
=

∑

mi

94.1eV
.(71)

Themorecomplicatedcaseofneutrinosthatdecouplewhentheyarealreadynonrelativisticisstudied
below.

Thecurrentdirectlaboratorylimitstotheneutrinomassesare

νe<∼2.2eVνµ<∼0.17MeVντ<∼15MeV.(72)

Basedonthis,eventheelectronneutrinocouldbeofgreatcosmologicalsignificance.Butinpractice,
wewillseelaterthatstudiesofcosmologicallarge-scalestructurelimitthesumofthemassestoa
maximumofabout0.5eV.Thisisbecominginteresting,sinceitisknownthatneutrinomassesmust
benon-zero.Inbrief,thiscomesfromstudiesofneutrinomixing,inwhicheachneutrinotype
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Figure5.Themassesoftheindividualneutrinomasseigenstates,plottedagainst
thetotalneutrinomassforanormalhierarchy(solidlines)andaninvertedhierarchy
(dashedlines).Currentcosmologicaldatasetanupperlimitonthetotalmassoflight
neutrinosofaround0.5eV.

isamixtureofenergyeigenstates.Theenergydifferencescanbemeasured,whichyieldsameasure
ofthedifferenceinthesquareofthemasses(considertherelativisticrelationE

2
=m

2
+p

2
,and

expandtogetE≃m+m
2
/2p).Thesemixingsareknownfromwonderfullypreciseexperiments

detectingneutrinosgeneratedinthesunandtheEarth’satmosphere:

∆(m21)
2
=8.0×10

−5
eV

2

∆(m32)
2
=2.5×10

−3
eV

2
,

(73)

wherem1,m2andm3arethethreemasseigenstates.Thisinformationdoesnotgivetheabsolute
massscale,nordoesittelluswhetherthereisanormalhierarchywithm3≫m2≫m1,oran
invertedhierarchyinwhichstates1&2areaclosedoubletlyingwellabovestate3.Cosmology
cansettleboththeseissuesbymeasuringthetotaldensityinneutrinos.Theabsoluteminimum
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situationisanormalhierarchywithm1negligiblysmall,inwhichcasethemassisdominatedbym3,
whichisaround0.05eV.Thecosmologicallimitsarewithinapowerof10ofthisinterestingpoint.

relicparticlesasdarkmatterManyotherparticlesexistintheearlyuniverse,sothere
areanumberofpossiblerelicsinadditiontothemassiveneutrino.Acommoncollectivetermfor
theseparticlesisWIMP–standingforweaklyinteractingmassiveparticle.Therearereallythree
generictypestoconsider,asfollows.

Figure6.Thecontributiontothedensityparameterproducedbyrelicneutrinos
(orneutrino-likeparticles)asafunctionoftheirrestmass.Theshadedbandshowsa
factorof2eithersideoftheobservedCDMdensity.Atlowmasses,theneutrinosare
highlyrelativisticwhentheydecouple:theirabundancetakesthezero-massvalue,and
thedensityisjustproportionaltothemass.Aboveabout1MeV,theneutrinosare
non-relativisticatdecoupling,andtheirrelicdensityisreducedbyannihilation.Above
themassoftheZboson,thecross-sectionfalls,sothatannihilationislesseffectiveand
therelicdensityrisesagain.
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(1)HotDarkMatter(HDM)Theseareparticlesthatdecouplewhenrelativistic,and
whichhaveanumberdensityroughlyequaltothatofphotons;eV-massneutrinosarethe
archetype.Therelicdensityscaleslinearlywiththeparticlemass.

(2)WarmDarkMatter(WDM)Iftheparticledecouplessufficientlyearly,therelative
abundanceofphotonscanthenbeboostedbyannihilationsotherthanjuste

±
.Inmodern

particlephysicstheories,thereareoforder100distinctparticlespecies,sothecriticalparticle
masstomakeΩ=1canbeboostedtoaround1–10keV.

(3)ColdDarkMatter(CDM)Iftherelicparticlesdecouplewhiletheyarenonrelativistic,
thenumberdensitycanbeexponentiallysuppressed.Iftheinteractionsarelikethoseof
neutrinos,thenthefreezeouttemperatureisabout1MeV,andtherelicmassdensitythenfalls
withincreasingmass(seefigure6).Forweakinteractions,cross-sectionsscaleas(energy)

2
,

sothattherelicdensityfallsas1/m
2
.Interestingmassesthenlieinthe≃10GeVrange,

thiscannotcorrespondtotheknownneutrinos,sincesuchparticleswouldhavebeenseenin
accelerators.Butbeyondabout90GeV(themassoftheZboson),thestrengthoftheweak
interactionisreduced,withcross-sectiongoingas(energy)

−2
.Therelicdensitynowrisesas

m
2
,sothattheobserveddarkmatterdensityisattainedatm≃1TeV.Plausiblecandidates

ofthissortarefoundamongso-calledsupersymmetrictheories,whichpredictmanynew
weakly-interactingparticles.ThefavouredparticleforaCDMreliciscalledtheneutralino.

Sincetheseparticlesexisttoexplaingalaxyrotationcurves,theymustbepassingthroughus
rightnow.Thereisthereforeahugeeffortinthedirectlaboratorydetectionofdarkmatter,mainly
viacryogenicdetectorsthatlookfortherecoilofasinglenucleonwhenhitbyaDMparticle(in
deepmines,toshieldfromcosmicrays).Well-constructedexperimentswithlowbackgroundsare
startingtosetinterestinglimits,asshowninfigure7.Thereisnouniquetargettoaimfor,since
eventhesimplestexamplesofsupersymmetricmodelscontainavarietyoffreeparameters.These
allowmodelsthatareoptimisticallyclosetocurrentlimits,butalsosomethatwillbehardtoverify.
Thepublic-domainpackageDarkSUSYisavailableatwww.physto.se/~edsjo/darksusytomake
thesedetailedabundancecalculations.

Thissubjectsawalotofpublicityattheendof2009,whentheCDMSexperimentannounced
eventsthatwereconsistentwithrelicWIMPs(seehttp://arxiv.org/abs/0912.3592).Inbrief,
cryogenicGeandSidetectorsareexaminedforevidenceofnuclearrecoil,whichmanifestsitselfin
twodistinctways:heat(phonons)andionization(electrons).Thedoublesignatureallowsrejection
ofmanynon-WIMPbackgroundevents,althoughhigh-energyneutronsfromcosmicrayeventsor
radioactivityareafundamentallimit.CDMSestimatethattheseprocessesshouldcauseonaverage
0.8WIMP-likeeventsduringtheir2yearsofdata;2eventswereactuallyseen.Thisisthusnot
sofarinconsistentwithbackground,butitisequallypossiblethatthereisasignalatalevelofup
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toabout5timesthebackground.Iftheyrunformoreyears,orincreasethedetectorsize,tothe
pointofexpectingaround10backgroundevents,thesepossibilitieswillbedistinguishable;wewill
willthenhaveeitheradetection,orwillbeabletoreducethecurrentupperlimits.

Whatisparticularlyexcitingisthatthepropertiesoftheserelicparticlescanalsobeobserved
vianewexamplesmanufacturedinparticleaccelerators.Themostwonderfuloutcomewouldbefor
thesameparticletobefoundinthesetwodifferentways.Thechancesofsuccessinthisenterpriseare
hardtoestimate,andsomemodelsexistinwhichdetectionwouldbeimpossibleformanydecades.
Butitwouldbeatremendousscientificachievementifdarkmatterparticlesweretobedetectedin
thisway,andagoodpartoftheplausibleparameterspacewillbecoveredoverthenextdecade.

baryogenesisItshouldbeemphasisedthatthesefreezeoutcalculationspredictequalnumbers
ofparticlesandantiparticles.Thismakesacriticalcontrastwiththecaseofnormalorbaryonic
material.Thenumberdensityofbaryonsislow(roughly10

−9
thatoftheCMBphotons),soone’s

firstthoughtmightbethatbaryonsareanotherfrozen-outrelic.Butasfarasisknown,thereis
anegligiblecosmicdensityofantibaryons;evenifantimatterexisted,freezeoutappliedtoprotons-
antiprotonpairspredictsadensityfarbelowwhatisobserved.Theinevitableconclusionisthatthe
universebeganwithaveryslightasymmetrybetweenmatterandantimatter:athightemperatures
therewere1+O(10

−9
)protonsforeveryantiproton.Ifbaryonnumberisconserved,thisimbalance

cannotbealteredonceitissetintheinitialconditions;butwhatgeneratesit?Thisisclearlyoneof
thebigchallengesincosmology,butourideasarelesswellformedherethaninmanyotherareas.

2.3Recombination

Movingclosertothepresent,andpassingthroughmatter-radiationequalityatz∼10
4
,thenext

criticalepochintheevolutionoftheuniverseisreachedwhenthetemperaturedropstothepoint
(T∼1000K)whereitisthermodynamicallyfavourablefortheionizedplasmatoformneutralatoms.
Thisprocessisknownasrecombination:acompletemisnomer,astheplasmahasalwaysbeen
completelyionizeduptothistime.

therateequationAnaturalfirstthoughtisthattheionizationoftheplasmamaybetreated
byathermal-equilibriumapproach,butsuchanapproachisalmostalwaysinvalid.Thisisnot
becauseelectromagneticinteractionsaretooslowtomaintainequilibrium:rather,thayaretoofast.
Considerasinglerecombination;ifthisweretooccurdirectlytothegroundstate,aphotonwith
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Figure7.Aplotofthedark-matterexperimentalists’space:cross-sectionfor
scatteringoffnucleons(inwonderfullybaroqueunits:the‘picobarn’is10

−40
m

2
)

againstWIMPmass.Theshadedareasandpointsindicatevarioussupersymmetric
modelsthatmatchparticle-physicsconstraintsandhavethecorrectrelicdensity.The
uppercurveindicatescurrentdirect(non)detectionlimits,anddashedcurvesarewhere
wemightbeinaboutadecade.Verticallinesarecurrentcolliderlimits,andpredictions
fortheLHCandafuturelinearcollider.

h̄ω>χwouldbeproduced.Suchphotonsarealmostimmediatelydestroyedbyionizinganother
neutralatom.Similarly,reachingthegroundstaterequirestheproductionofphotonsatleastas
energeticasthe2P→1Sspacing(Lymanα,withλ=1216Å),andthesealsoarere-absorbedvery
efficiently.Thisisacommonphenomenoninastrophysics:theLymanαphotonsundergoresonant
scatteringandareveryhardtogetridof(unlikeafiniteHIIregion,wheretheLyαphotonscan
escape).

Thereisawayout,however,usingtwo-photonemission.The2S→1Stransitionis
strictlyforbiddenatfirstorderandonecanonlyconserveenergyandangularmomentuminthe
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transitionbyemittingapairofphotons.Becauseofthisslowbottleneck,theionizationatlow
redshiftiswellabovetheequilibriumlevel.

Ahighlystripped-downanalysisofeventssimplifiesthehydrogenatomtojusttwolevels(1S
and2S).Anychainofrecombinationsthatreachesthegroundstatecanbeignoredthroughthe
aboveargument:thesereactionsproducephotonsthatareimmediatelyre-absorbedelsewhere,so
theyhavenoeffectontheionizationbalance.Themainchanceofreachingthegroundstatecomes
throughtherecombinationsthatreachthe2Sstate,sincesomefractionoftheatomsthatreach
thatstatewillsuffertwo-photondecaybeforebeingre-excited.Therateequationforthefractional
ionizationisthus

d(nx)

dt
=−R(nx)

2Λ2γ

Λ2γ+ΛU(T)
,(74)

wherenisthenumberdensityofprotons,xisthefractionalionization,Ristherecombination
coefficient(R≃3×10

−17
T
−1/2

m
3
s
−1
),Λ2γisthetwo-photondecayrate,andΛU(T)isthestimulated

transitionrateupwardsfromthe2Sstate.Thisequationjustsaysthatrecombinationsareatwo-body
process,whichcreateexcitedstatesthatcascadedowntothe2Slevel,fromwhenceacompetition
betweentheupwardanddownwardtransitionratesdeterminesthefractionthatmakethedownward
transition.

Animportantpointabouttherateequationisthatitisonlynecessarytosolveitonce,and
theresultscanthenbescaledimmediatelytosomeothercosmologicalmodel.Considertherhs:
bothRandΛU(T)arefunctionsoftemperature,andthusofredshiftonly,sothatanyparameter
dependenceiscarriedjustbyn

2
,whichscales∝(Ωbh

2
)
2
,whereΩbisthebaryonicdensityparameter.

Similarly,thelhsdependsonΩbh
2
throughn;theotherparameterdependencecomesifweconvert

timederivativestoderivativeswithrespecttoredshift:

dt

dz≃−3.09×10
17
(Ωmh

2
)
−1/2

z
−5/2

s,(75)

foramatter-dominatedmodelatlargeredshift.Puttingthesetogether,thefractionalionization
mustscaleas

x(z)∝
(Ωmh

2
)
1/2

Ωbh2.(76)
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Figure8.The‘visibilityfunction’governingwherephotonsintheCMBundergo
theirfinalscattering.Thisisverynearlyindependentofcosmologicalparameters,as
illustratedbytheeffectofa50%increaseinΩb(dottedline),Ωm(dot-dashedline)and
h(dashedline),relativetothestandardmodel(solidline).

lastscatteringRecombinationisimportantobservationallybecauseitmarksthefirsttime
thatphotonscantravelfreely.Whentheionizationishigh,Thomsonscatteringcausesthemto
proceedinarandomwalk,sotheearlyuniverseisopaque.Theinterestingthingfromourpointof
viewistoworkoutthemaximumredshiftfromwhichwecanreceiveaphotonwithoutitsuffering
scattering.Todothis,weworkouttheopticaldepthtoThomsonscattering,

τ=

∫

n
tot
exσTdℓproper;dℓproper=R(z)dr=R0dr/(1+z).(77)

Forafullyionizedplasmawith25%Hebymass,thetotalelectronnumberdensityis

n
tot
e(z)=9.83Ωbh

2
(1+z)

3
m
−3
.(78)
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Also,dℓproper=cdt,whichbringsinafactorof(Ωmh
2
)
−1/2

.Thesetwodensitytermsautomatically
canceltheprincipaldependenceofx(z),sowepredictthattheopticaldepthshouldbeverylargely
afunctionofredshiftonly.Forstandardparameters,agoodapproximationaroundτ=1is

τ(z)≃
(

1+z

1080

)

13

(79)

(cf.Jones&Wyse1985).

3Inflation–I

Topicstobecovered:

•Initialconditionproblems

•Dynamicsofscalarfields

•Noether’stheorem

3.1Initialconditionproblems

Theexpandinguniverseofthebig-bangmodelissurprisinginmanyways:(1)Whatcausedthe
expansion?(2)Whyistheexpansionsoclosetoflat–i.e.Ω∼1today?(3)Whyistheuniverse
closetoisotropic(thesameinalldirections)?(4)Whydoesitcontainstructure?Someofthese
problemsmayseemlargerthanothers,butwhenexaminedindetailallpointtosomethingmissing
inourdescriptionoftheearlystagesofcosmologicalhistory.

quantumgravitylimitInprinciple,T→∞asR→0,buttherecomesapointatwhichthis
extrapolationofclassicalphysicsbreaksdown.Thisiswherethethermalenergyoftypicalparticles
issuchthattheirdeBrogliewavelengthissmallerthantheirSchwarzschildradius:quantumblack
holesclearlycausedifficultieswiththeusualconceptofbackgroundspacetime.Equating2πh̄/(mc)
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to2Gm/c
2
yieldsacharacteristicmassforquantumgravityknownasthePlanckmass.This

mass,andthecorrespondinglengthh̄/(mPc)andtimeℓP/cformthesystemofPlanckunits:

mP≡
√

h̄c

G≃10
19
GeV

ℓP≡
√

h̄G

c3≃10
−35

m

tP≡
√

h̄G

c5≃10
−43

s.

(80)

ThePlancktimethereforesetstheoriginoftimefortheclassicalphaseofthebigbang.Itisincorrect
toextendtheclassicalsolutiontoR=0andconcludethattheuniversebeganinasingularityof
infinitedensity.Acommonquestionaboutthebigbangis‘whathappenedatt<0?’,butinfactit
isnotevenpossibletogettozerotimewithoutaddingnewphysicallaws.

naturalunitsTosimplifytheappearanceofequations,itiscommonpracticeinhigh-energy
physicstoadoptnaturalunits,wherewetake

k=h̄=c=µ0=ǫ0=1.(81)

Thisconventionmakesthemeaningofequationsclearerbyreducingthealgebraicclutter,andisalso
usefulintheconstructionofintuitiveargumentsfortheorderofmagnitudeofquantitiesofinterest.
Hereafter,naturalunitswillfrequentlybeadopted,althoughitwilloccasionallybeconvenientto
re-insertexplicitpowersofh̄etc.

Theadoptionofnaturalunitscorrespondstofixingtheunitsofcharge,mass,lengthandtime
relativetoeachother.Thisleavesonefreeunit,usuallytakentobeenergy.Naturalunitsarethus
onestepshortofthePlancksystem,inwhichG=1also,sothatallunitsarefixedandallphysical
quantitiesaredimensionless.Innaturalunits,thefollowingdimensionalequalitieshold:

[E]=[T]=[m]

[L]=[m]
−1(82)

Hence,thedimensionsofenergydensityare

[u]=[m]
4
,(83)
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withunitsoftenquotedinGeV
4
.ItishoweveroftenofinteresttoexpressthingsinPlanckunits:

energyasamultipleofmP,energydensityasamultipleofm
4
Petc.Thegravitationalconstantitself

isthen

G=m
−2
P.(84)

flatnessproblemNowtoquantifythefirstofthemanypuzzlesconcerninginitialconditions.
FromtheFriedmannequation,wecanwritethedensityparameterasafunctionofera:

Ω(a)=
8πGρ(a)

H2(a)=
Ωv+Ωma

−3
+Ωra

−4

Ωv+Ωma−3+Ωra−4−(Ω−1)a−2(85)

(andcorrespondingexpressionsfortheΩ(a)correspondingtoanyonecomponentjustbypickingthe
appropriatetermonthetopline).Thistellsusthat,ifthetotalΩisunitytoday,itwasalwaysunity
(ageometricalstatement:ifk=0,itcan’tmakeacontinuoustransitiontok=±1).ButifΩ6=1,
howdoesΩ(a)evolve?ItshouldbeclearthatΩ(a)→1atverylargeandverysmalla,providedΩv

isnonzerointheformercase,andprovidedΩmorΩrisnonzerointhelattercase(withoutvacuum
energy,Ω=1isunstable).Inshort,theΩ=1stateisanattractor,lookingineitherdirectionin
time.Ithaslongbeenclearthatthispresentsapuzzlewithregardtotheinitialconditions.These
willberadiationdominated,sowehave

Ω(ainit)≃1+
(Ω−1)

Ωr
a
2
init.(86)

IfwearewillingtoconsideraPlanck-scaleoriginwithainit∼10
−32

,thenclearlyconditionsatthat
timemustbeflattoperhaps60powersof10.Amoredemocraticinitialconditionmightbethought
tohaveΩ(ainit)−1oforderunity,sosomemechanismtomakeitverysmall(orzero)isclearly
required.This‘howcouldtheuniversehaveknown?’argumentisageneralbasisforaprejudicethat
Ω=1holdsexactlytoday.

horizonproblemWehavealreadymentionedthepuzzlethatithasapparentlybeenimpossible
toestablishcausalcontactthroughoutthepresentobservableuniverse.Considertheintegralforthe
horizonlength:

rH=

∫

cdt

R(t)
.(87)
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Thestandardradiation-dominatedR∝t
1/2

lawmakesthisintegralconvergeneart=0.Tosolve
thehorizonproblemandallowcausalcontactoverthewholeoftheregionobservedatlastscattering
requiresauniversethatexpands‘fasterthanlight’neart=0:R∝t

α
,withα>1.Itistemptingto

assertthattheobservedhomogeneityprovesthatsuchcausalcontactmustoncehaveoccurred,but
thismeansthattheequationofstateatearlytimesmusthavebeendifferent.Indeed,ifwelookat
Friedmann’sequationinitssecondform,

R̈=−4πGR(ρ+3p/c
2
)/3,(88)

andrealizethatR∝t
α
,withα>1impliesanacceleratingexpansion,weseethatwhatisneededis

negativepressure:

ρc
2
+3p<0.(89)

desitterspaceThefamiliarexampleofnegativepressureisvacuumenergy,andthisis
thereforeahintthattheuniversemayhavebeenvacuum-dominatedatearlytimes.TheFriedmann
equationinthek=0vacuum-dominatedcasehasthedeSittersolution:

R∝expHt,(90)

whereH=
√

8πGρvac/3.Thisisthebasicideaoftheinflationaryuniverse:vacuumrepulsion
cancausetheuniversetoexpandatanever-increasingrate.ThislaunchestheHubbleexpansion,
andsolvesthehorizonproblembystretchingasmallcausally-connectedpatchtoasizelargeenough
tocoverthewholepresently-observableuniverse.

Thisisillustratedbyinfigure9,whereweassumethattheuniversecanbemadetochangeits
equationofstateabruptlyfromvacuumdominatedtoradiationdominatedatsometimetc.Before
tc,wehaveR∝expHt;aftertc,R∝t

1/2
.WehavetomatchRandṘatthejoin;itisthen

easytoshowthattc=1/2H.Inprinciple,thequestion‘whathappenedbeforethebigbang?’is
nowanswered:therewasnobigbang.Theremighthavestillbeenasingularityatlargenegative
time,butonecouldimaginethedeSitterphasebeingofindefiniteduration.Inasense,then,an
inflationarystarttotheexpansionwouldinrealitybeaveryslowone–ascomparedtothecommon
populardescriptionof‘anextraordinarilyrapidphaseofexpansion’.

Thisideaofanon-singularorigintotheuniversewasfirstproposedbytheSovietcosmologist
E.B.Gliner,in1969.Hesuggestednomechanismbywhichthevacuumenergycouldchangeitslevel,
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Figure9.Illustratingthetruehistoryofthescalefactorinthesimplestpossible
inflationarymodel.Here,theuniversestaysinanexponentialdeSitterphaseforan
indefinitetimeuntilitsequationofstateabruptlychangesfromvacuumdominatedto
radiationdominatedattimetc.ThismustoccurinsuchawayastomatchRandṘ,
leadingtothesolidcurve,wheretheplottedpointindicatesthejoin.For0<t<tc,
thedashedcurveindicatesthetimedependencewewouldinferifvacuumenergywas
ignored.ThisreachesR=0att=0:theclassical‘bigbang’.Theinflationary
solutionclearlyremovesthisfeature,placinganysingularityatlargenegativetime.
Theuniverseismucholderthanwewouldexpectfromobservationsatt>tc,whichis
onewayofseeinghowthehorizonproblemcanbeevaded.

however.Beforetryingtoplugthiscriticalgap,wecannotethatanearlyphaseofvacuum-dominated
expansioncanalsosolvetheflatnessproblem.ConsidertheFriedmannequation,

Ṙ
2
=
8πGρR

2

3−kc
2
.(91)

Inavacuum-dominatedphase,ρR
2
increasesastheuniverseexpands.Thistermcantherefore

alwaysbemadetodominateoverthecurvatureterm,makingauniversethatisclosetobeingflat
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(thecurvaturescalehasincreasedexponentially).Inmoredetail,theFriedmannequationinthe
vacuum-dominatedcasehasthreesolutions:

R∝







sinhHt(k=−1)
coshHt(k=+1)
expHt(k=0),

(92)

whereH=
√

8πGρvac/3.NotethatHisnottheHubbleparameteratanarbitrarytime(unless
k=0),butitbecomessoexponentiallyfastasthehyperbolictrigonometricfunctionstendtothe
exponential.Ifweassumethattheinitialconditionsarenotfinetuned(i.e.Ω=O(1)initially),
thenmaintainingtheexpansionforafactorfproduces

Ω=1+O(f
−2
).(93)

Thiscansolvetheflatnessproblem,providedfislargeenough.ToobtainΩoforderunitytoday
requires|Ω−1|<∼10

−52
attheGUTepoch,andso

lnf>∼60(94)

e-foldingsofexpansionareneeded;itwillbeprovedbelowthatthisisalsoexactlythenumber
neededtosolvethehorizonproblem.Itthenseemsalmostinevitablethattheprocessshouldgoto
completionandyieldΩ=1tomeasurableaccuracytoday.Thisisoneofthemostrobustpredictions
ofinflation(although,aswehaveseen,theexpectationofflatnessisfairlygeneral).

howmuchinflationdoweneed?Tobequantitative,wehavetodecidewheninflationis
tohappen.TheearliestpossibletimeisatthePlanckera,t≃10

−43
s,atwhichpointthecausal

scalewasct≃10
−35

m.Whatcomovingscaleisthis?Theredshiftisroughly(ignoringchangesin
geff)thePlanckenergy(10

19
GeV)dividedbytheCMBenergy(kT≃10

−3.6
eV),or

zP≃10
31.6

.(95)

ThisexpandsthePlancklengthto0.4mmtoday.Thisisfarshortofthepresenthorizon
(∼6000h

−1
Mpc),byafactorofnearly10

30
,ore

69
.Itismorecommontoassumethatinflation

happenedatasaferdistancefromquantumgravity,atabouttheGUTenergyof10
15
GeV.TheGUT-

scalehorizonneedstobestretchedby‘only’afactore
60
inordertobecompatiblewithobserved

homogeneity.Thistellsusaminimumdurationfortheinflationaryera:

∆tinflation>60H
−1
inflation.(96)

TheGUTenergycorrespondstoatimeofabout10
−35

sintheconventionalradiation-dominated
model,andwehaveseenthatthisswitchovertimeshouldbeoforderH

−1
inflation.Therefore,thewhole

inflationaryepisodeneedlastnolongerthanabout10
−33

s.
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3.2Dynamicsofscalarfields

Since1981,theseideashavebeensetonamorespecificfoundationusingmodelsforavariablevacuum
energythatcomefromparticlephysics.Therearemanyvariants,butthesimplestconcentrateon
scalarfields.Thesearefieldsliketheelectromagneticfield,butdifferinginanumberofrespects.
First,thefieldhasonlyonedegreeoffreedom:justanumberthatvarieswithposition,notavector
liketheEMfield.ThewaveequationobeyedbysuchafieldinflatspaceistheKlein–Gordon
equation:

1

c2φ̈−∇
2
φ+(m

2
c
2
/h̄

2
)φ=0,(97)

whichisjustthestandardwaveequationifm=0.Thisiseasytoderivejustbysubstituting
thedeBroglierelationsp=−ih̄∇∇∇∇∇∇∇∇∇∇∇∇∇andE=ih̄∂/∂tintoE

2
=p

2
c
2
+m

2
c
4
.Toapplythisto

cosmology,weneglectthespatialderivatives,sinceweimaginesomeinitialdomaininwhichwehave
ahomogeneousscalarfield.Thissynchronizesthesubsequentdynamicsofφ(t)throughout
theobservableuniverse(i.e.thepatchthatweinflate).Thedifferentialequationisnow

φ̈=−
d

dφ
V(φ);V(φ)=(m

2
c
4
/h̄

2
)φ

2
/2.(98)

Thisisjustaharmonicoscillatorequation,andwecanseethatthefieldwilloscillateinthepotential,
with‘kineticenergy’T=φ̇

2
/2.Thisbehaviourisratherdifferenttothefamiliaroscillationsofthe

electromagneticfield:ifthefieldishomogeneous,itdoesnotoscillate.Thisisbecausethefamiliar
energydensityinelectromagnetism(ǫ0E

2
/2+B

2
/2µ0)isentirelykineticenergyinthisanalogy(to

seethis,writethefieldsintermsofthepotentials:B=∇∇∇∇∇∇∇∇∇∇∇∇∇∧AandE=−∇∇∇∇∇∇∇∇∇∇∇∇∇φ−Ȧ.Wedon’tsee
coherentoscillationsinelectromagnetismbecausethephotonhasnomass.

Wewillshowbelowthat,notonlydoesV(φ)playtheroleofapotentialenergyintheequation
ofmotion,itactsasaphysicalenergydensityinspace.Thispotentialenergydensityisequivalent
toavacuumdensity:itsgravitationalpropertiesarerepulsiveandcancauseaninflationaryphase
ofexponentialexpansion.Inthissimplemodel,theuniverseisstartedinapotential-dominated
state,andinflatesuntilthefieldfallsenoughthatthekineticenergybecomesimportant.Inpractical
models,thisstagewillbeassociatedwithreheating:althoughweaklyinteracting,thefielddoes
coupletootherparticles,anditsoscillationscangenerateotherparticles–thustransformingthe
scalar-fieldenergyintoenergyofanormalradiation-dominateduniverse.
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lagrangiansandfieldsTounderstandwhatscalarfieldscandoforcosmology,itisnecessary
tousesomeelementsofthemorepowerfulLagrangiandescriptionofthedynamics.Wewilltryto
keepthisfairlyinformal.Considerfirstaclassicalsystemofparticles:theLagrangianLis
definedasthedifferenceofthekineticandpotentialenergies,L=T−V,forsomesetofparticles
withcoordinatesqi(t).Euler’sequationgivesanequationofmotionforeachparticle

d

dt

(

∂L

∂q̇i

)

=
∂L

∂qi
.(99)

Asasanitycheck,considerasingleparticleinapotentialin1D:L=mẋ
2
/2−V(x).∂L/∂ẋ=mẋ,

sowegetmẍ=−∂V/∂x,asdesired.TheadvantageoftheLagrangianformalism,ofcourse,isthat
itisnotnecessarytouseCartesiancoordinates.Inpassing,wenotethattheformalismalsosupplies
ageneraldefinitionofmomentum:

pi≡
∂L

∂q̇i
,(100)

whichagainisclearlysensibleforCartesiancoordinates.

Afieldmayberegardedasadynamicalsystem,butwithaninfinitenumberofdegreesof
freedom.Howdowehandlethis?Ahintisprovidedbyelectromagnetism,wherewearefamiliarwith
writingthetotalenergyintermsofadensitywhich,aswearedealingwithgeneralizedmechanics,
wemayformallycalltheHamiltoniandensity:

H=

∫

HdV=

∫
(

ǫ0E
2

2
+
B

2

2µ0

)

dV.(101)

ThissuggeststhatwewritetheLagrangianintermsofaLagrangiandensityL:L=
∫

LdV.
Thisquantityisofsuchcentralimportanceinquantumfieldtheorythatitisusuallyreferredto
(incorrectly)simplyas‘theLagrangian’.TheequationofmotionthatcorrespondstoEuler’sequation
isnowtheEuler–Lagrangeequation

∂

∂xµ

[

∂L
∂(∂µφ)

]

=
∂L
∂φ

,(102)

whereweusetheshorthand∂µφ≡∂φ/∂x
µ
.Notethedownstairsindexforconsistency:inspecial

relativity,x
µ
=(ct,x),x

µ
=(ct,−x)=gµνx

ν
.TheLagrangianLandthefieldequationsare
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thereforegenerallyequivalent,althoughtheLagrangianarguablyseemsmorefundamental:wecan
obtainthefieldequationsgiventheLagrangian,butinvertingtheprocessislessstraightforward.

Forquantummechanics,wewantaLagrangianthatwillyieldtheKlein–Gordonequation.If
φisasinglerealscalarfield,thentherequiredLagrangianis

L=
1
2∂

µ
φ∂µφ−V(φ);V(φ)=

1
2µ

2
φ

2
.(103)

Again,wewillbecontentwithcheckingthatthisdoestherightthinginasimplecase:the
homogeneousmodel,whereL=φ̇

2
/2−V(φ).Thisisnowjustliketheearlierexample,andgives

φ̈=−∂V/∂φ,asrequired.

noether’stheoremThefinalingredientweneedbeforeapplyingscalarfieldstocosmology
istounderstandthattheycanbetreatedasafluidwiththermodynamicpropertieslikepressure.
thesepropertiesarederivedbyaprofoundlyimportantgeneralargumentthatrelatestheexistence
ofglobalsymmetriestoconservationlawsinphysics.Inclassicalmechanics,conservationofenergy
andmomentumarisebyconsideringEuler’sequation

d

dt

(

∂L

∂q̇i

)

−
∂L

∂qi
=0,(104)

whereL=
∑

iTi−Viisasumoverthedifferenceinkineticandpotentialenergiesfortheparticles
inasystem.IfLisindependentofallthepositioncoordinatesqi,thenweobtainconservationof
momentum(orangularmomentum,ifqisanangularcoordinate):pi≡∂L/∂q̇i=constantforeach
particle.Morerealistically,thepotentialwilldependontheqi,buthomogeneityofspacesaysthat
theLagrangianasawholewillbeunchangedbyaglobaltranslation:qi→qi+dq,wheredqis
someconstant.UsingEuler’sequation,thisgivesconservationoftotalmomentum:

dL=
∑

i

∂L

∂qi
dq⇒

d

dt

∑

i

pi=0.(105)

IfLhasnoexplicitdependenceont,then

dL

dt
=

∑

i

(

∂L

∂qi
q̇i+

∂L

∂q̇i
q̈i

)

=
∑

i

(ṗiq̇i+piq̈i),(106)
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whichleadsustodefinetheHamiltonianasafurtherconstantofthemotion

H≡
∑

i

piq̇i−L=constant.(107)

Somethingrathersimilarhappensinthecaseofquantum(orclassical)fieldtheory:the
existenceofaglobalsymmetryleadsdirectlytoaconservationlaw.Thedifferencebetweendiscrete
dynamicsandfielddynamics,wheretheLagrangianisadensity,isthattheresultisexpressedasa
conservedcurrentratherthanasimpleconstantofthemotion.SupposetheLagrangianhasno
explicitdependenceonspacetime(i.e.itdependsonx

µ
onlyimplicitlythroughthefieldsandtheir

4-derivatives).Asabove,wewrite

dL
dxµ=

∂L
∂φ

∂φ

∂xµ+
∂L

∂(∂νφ)

∂(∂νφ)

∂xµ,(108)

UsingtheEuler–Lagrangeequationtoreplace∂L/∂φandcollectingtermsresultsin

d

dxν

[

∂L
∂(∂νφ)

∂φ

∂xµ−Lg
µν

]

≡
d

dxνT
µν

=0.(109)

Thisisaconservationlaw,aswecanseebyanalogywithasimplecaseliketheconservationof
charge.There,wewouldwrite

∂µJ
µ
=ρ̇+∇∇∇∇∇∇∇∇∇∇∇∇∇·j=0,(110)

whereρisthechargedensity,jisthecurrentdensity,andJ
µ
isthe4-current.Wehaveeffectively

foursuchequations(oneforeachvalueofν)sotheremustbefourconservedquantities:clearly
energyandthefourcomponentsofmomentum.Conservationof4-momentumisexpressedbyT

µν
,

whichisthe4-currentof4-momentum.Forasimplefluid,itisjust

T
µν

=diag(ρc
2
,p,p,p),(111)

sonowwecanreadoffthedensityandpressuregeneratedbyascalarfield.Noteimmediately
theimportantconsequenceforcosmology:apotentialterm−V(φ)intheLagrangianproduces
T

µν
=V(φ)g

µν
.Thisisthep=−ρequationofstatecharacteristicofthecosmologicalconstant.

Ifwenowfollowtheevolutionofφ,thecosmological‘constant’changesandwehavethebasisfor
modelsofinflationarycosmology.
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4Inflation–II

Topicstobecovered:

•Modelsforinflation

•Slowrolldynamics

•Endinginflation

4.1Equationofmotion

Mostofthemainfeaturesofinflationcanbeillustratedusingthesimplestcaseofasinglerealscalar
field,withLagrangian

L=
1
2∂µφ∂

µ
φ−V(φ)=

1
2(φ̇

2
−∇

2
φ)−V(φ).(112)

ItturnsoutthatwecangetinflationwitheventhesimplemasspotentialV(φ)=m
2
φ

2
/2,butitis

easytokeepthingsgeneral.Noether’stheoremgivestheenergy–momentumtensorforthefieldas

T
µν

=∂
µ
φ∂

ν
φ−g

µν
L.(113)

Fromthis,wecanreadofftheenergydensityandpressure:

ρ=T
00
=

1
2φ̇

2
+V(φ)+

1
2(∇φ)

2

p=T
11
=

1
2φ̇

2
−V(φ)−

1
6(∇φ)

2
.

(114)

Ifthefieldisconstantbothspatiallyandtemporally,theequationofstateisthenp=−ρ,as
requiredifthescalarfieldistoactasacosmologicalconstant;notethatderivativesofthefieldspoil
thisidentification.

Wenowwanttorevisittheequationofmotionforthescalarfield,butwiththecritical
differencethatweplacethefieldintheexpandinguniverse.Everythingsofarhasbeenspecial
relativity,sowedon’thavequiteenoughformalismtoderivethefullequationofmotion,butitis

φ̈+3Hφ̇−∇
2
φ+dV/dφ=0.(115)
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Thisisawaveequationsimilartotheoneinflatspace.TheHubbledragterm3Hφ̇isthemain
newfeature:loosely,itreflectsthefactthattheredshiftingeffectsofexpansionwilldrainenergy
fromthefieldoscillations.

Thisisnothardtoproveinthehomogeneouscase,whichisthemainoneofinterestfor
inflationaryapplications.Thisisbecause∇φ=∇comovingφ/R.SinceRincreasesexponentially,
theseperturbationsaredampedaway:assumingVislargeenoughforinflationtostartinthefirst
place,inhomogeneitiesrapidlybecomenegligible.Inthehomogeneouslimit,wecansimplyappeal
toenergyconservation:

dlnρ

dlna
=−3(1+w)=−3φ̇

2
/(φ̇

2
/2+V),(116)

followingwhichtherelationsH=dlna/dtandV̇=φ̇V
′
canbeusedtochangevariablestot,and

thedampedoscillatorequationforφfollows.

4.2Theslow-rollapproximation

Thesolutionoftheequationofmotionbecomestractableifwebothignorespatialinhomogeneities
inφandmaketheslow-rollingapproximationthattheφ̈termisnegligible.Thephysical
motivationhereistosaythatwearemostinterestedinbehaviourclosetodeSitterspace,sothat
thepotentialdominatestheenergydensity.Thisrequires

φ̇
2
/2≪|V(φ)|;(117)

differentiatingthisgivesφ̈≪|dV/dφ|,asrequired.Wethereforehaveasimpleslow-rollingequation
forhomogeneousfields:

3Hφ̇=−dV/dφ.(118)

IncombinationwithFriedmann’sequationinthenatural-unitform

H
2
=

8π

3m2
P

(φ̇
2
/2+V)≃

8π

3m2
P

V,(119)
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Thisgivesapowerfulbutsimpleapparatusfordeducingtheexpansionhistoryofanyinflationary
model.

Theconditionsforinflationcanbecastintousefuldimensionlessforms.Thebasiccondition
V≫φ̇

2
cannowberewrittenusingtheslow-rollrelationas

ǫ≡
m

2
P

16π
(V
′
/V)

2
≪1.(120)

Also,wecandifferentiatethisexpressiontoobtainthecriterionV
′′
≪V

′
/mP,ormPV

′′
/V≪

V
′
/V∼√ǫ/m

P.ThisgivesarequirementforthesecondderivativeofVtobesmall,whichwecan
writeas

η≡
m

2
P

8π
(V
′′
/V)≪1(121)

Thesetwocriteriamakeperfectintuitivesense:thepotentialmustbeflatinthesenseofhaving
smallderivativesifthefieldistorollslowlyenoughforinflationtobepossible.

4.3Inflationarymodels

Thecurseandjoyofinflationarymodellingisthatnothingisknownabouttheinflatonfieldφ,nor
aboutitspotential.Wethereforeconsidersimpleclassesofpossibleexamplemodels,withvarying
degreesofphysicalmotivation.

Ifwethinkaboutasinglefield,modelscanbedividedintotwobasicclasses,asillustratedin
figure10.Thesimplestarelarge-fieldinflationmodels,inwhichthefieldisstronglydisplaced
fromtheorigin.Thereisnothingtopreventthescalarfieldfromreachingtheminimumofthe
potential–butitcantakealongtimetodoso,andtheuniversemeanwhileinflatesbyalarge
factor.Inthiscase,inflationisrealizedbymeansof‘inertialconfinement’.Theoppositeiswhen
thepotentialissomethingliketheHiggspotential,wherethegradientvanishesattheorigin:thisis
amodelofsmall-fieldinflation.Inprinciple,thefieldcanstayatφ=0foreverifitisplaced
exactlythere.Onewouldsaythattheuniversetheninhabitedastateoffalsevacuum,asopposed
tothetruevacuumatV=0(butitisimportanttobeclearthatthereisnofundamentalreason
whytheminimumshouldbeatzerodensityexactly;wewillreturntothispoint).
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(a)(b)

φ

V

φ

V

Figure10.Thetwomainclassesofsingle-fieldinflationmodels:(a)large-field
inflation;(b)small-fieldinflation.Theformerismotivatedbyamass-likepotential,
thelatterbysomethingmoreliketheHiggspotential.

Thefirstinflationmodel(Guth1981)wasofthesmall-fieldtype,butlarge-fieldmodelshave
tendedtobeconsideredmoreplausible,fortworeasons.Thefirstistodowithinitialconditions.If
inflationstartsfromanywhereneartothermalequilibriumatatemperatureTGUT,weexpectthermal
fluctuationsinφ;thepotentialshouldgenerallydifferfromitsminimumbyanamountV∼T

4
GUT.

Howthenisthespecialcaseneededtotrapthepotentialnearφ=0toarise?Wehavereturnedto
thesortoffine-tunedinitialconditionsfromwhichinflationwasdesignedtosaveus.Theotherissue
withsimplesmall-fieldmodelsrelatestotheissueofhowinflationends.Thiscanbeviewedasaform
ofphasetransition,whichiscontinuousorsecondorderinthecaseoflarge-fieldmodels.Forsmall-
fieldmodels,however,thetransitiontothetruevacuumcancomeaboutbyquantumtunnelling,so
thatthetransitioniseffectivelydiscontinuousandfirstorder.Aswewilldiscussfurtherbelow,this
canleadtoauniversethatisinsufficientlyhomogeneoustobeconsistentwithobservations.

chaoticinflationmodelsMostattentionisthereforecurrentlypaidtothelarge-fieldmodels
wherethefieldfindsitselfsomewayfromitspotentialminimum.Thisideaisalsotermedchaotic
inflation:therecouldbeprimordialchaos,withinwhichconditionsmightvary.Somepartsmay
attainthevacuum-dominatedconditionsneededforinflation,inwhichcasetheywillexpandhugely,
leavingauniverseinsideasinglebubble–whichcouldbetheoneweinhabit.Inprinciplethisbubble
hasanedge,butifinflationpersistsforsufficientlylong,thedistancetothisnastinessissomuch
greaterthanthecurrentparticlehorizonthatitsexistencehasnotestableconsequences.
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Awiderangeofinflationmodelsofthiskindispossible,butitwillsufficeheretodiscusstwo
simplespecialcases:

(1)Polynomialinflation.IfthepotentialistakentobeV∝φ
α
,thenthescale-factor

behaviourcanbeveryclosetoexponential.Thisbecomeslesstrueasαincreases,but
investigationsareusuallylimitedtoφ

2
andφ

4
potentialsonthegroundsthathigherpowers

arenonrenormalizable.

(2)Power-lawinflation.Ontheotherhand,a(t)∝t
p
wouldsuffice,providedp>1.The

potentialrequiredtoproducethisbehaviouris

V(φ)∝exp

(√

16π

pm2
P

φ

)

.(122)

Thisisanexactsolution,notaslow-rollapproximation.

hybridinflationOnewayinwhichthesymmetricnatureoftheinitialconditionforsmall-field
inflationcanbemademoreplausibleistogobeyondthespaceofsingle-fieldinflation.Themost
popularmodelinthisgeneralizedclassishybridinflation,inwhichtherearetwofields,with
potential

V(φ,ψ)=
1

4λ
(M

2
−λψ

2
)
2
+U(φ)+

1
2g

2
ψ

2
φ

2
.(123)

WecanthinkofthisasbeingprimarilyV(ψ),butwiththeformofVcontrolledbythesecond
field,φ.Forφ=0,wehavethestandardsymmetry-breakingpotential;butforlargeφ,φ>M/g,
thedependenceonψbecomesparabolic.Evolutioninthisparabolictroughatlargeφcanthus
naturallylowerψclosetoψ=0.Ifthishappens,wehaveinflationdrivenbyφastheinflaton,with
V(φ)=U(φ)+λM

2
/4.ThisextraconstantinthepotentialraisesH,sotheHubbledampingterm

isparticularlyhigh,keepingthefieldfromrollingawayfromψ=0untilneartoφ=0.

Hybridinflationthereforehastheabilitytomakesomeofthefeaturesofthesimplestinflation
modelsseemmoreplausible,whileintroducingsufficientextracomplexitythatonecantrytotest
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φ

V

Figure11.Asketchofthepotentialinhybridinflation.Forφ=0,V(ψ)has
thesymmetry-breakingformofthepotentialforsmall-fieldinflation,butforlargeφ
thereisasimplequadraticminimuminV(ψ).Evolutioninthispotentialcandrive
conditionstowardsψ=0whileφislarge,preparingthewayforsomethingsimilarto
small-fieldinflation.

therobustnessofthepredictionsofthesimplemodels.TheformoftheLagrangianisalsoclaimedto
havesomefundamentalmotivation(althoughthishasbeensaidofmanyLagrangians).Asaresult,
hybridinflationisratherpopularwithinflationarytheorists.

criteriaforinflationSuccessfulinflationinanyofthesemodelsrequires>60e-foldings
oftheexpansion.Theimplicationsofthisareeasilycalculatedusingtheslow-rollequation,which
givesthenumberofe-foldingsbetweenφ1andφ2as

N=

∫

Hdt=−
8π

m2
P

∫

φ2

φ1

V

V′dφ(124)

Forapotentialthatresemblesasmoothpolynomial,V
′
∼V/φ,andsowetypicallygetN∼

(φstart/mP)
2
,assumingthatinflationterminatesatavalueofφrathersmallerthanatthestart.The

criterionforsuccessfulinflationisthusthattheinitialvalueofthefieldexceedsthePlanckscale:

φstart≫mP.(125)

49

Thisistherealoriginoftheterm‘large-field’:itmeansthatφhastobelargeincomparisontothe
Planckscale.Bythesameargument,itiseasilyseenthatthisisalsothecriterionneededtomake
theslow-rollparametersǫandη≪1.Tosummarize,anymodelinwhichthepotentialissufficiently
flatthatslow-rollinflationcancommencewillprobablyachievethecritical60e-foldings.

Itisinterestingtoreviewthisconclusionforsomeofthespecificinflationmodelslistedabove.
Consideramass-likepotentialV=m

2
φ

2
.IfinflationstartsnearthePlanckscale,thefluctuations

inVarepresumably∼m
4
Pandthesewilldriveφstarttoφstart≫mPprovidedm≪mP;similarly,

forV=λφ
4
,theconditionisweakcoupling:λ≪1.Anyfieldwitharatherflatpotentialwillthus

tendtoinflate,justbecausetypicalfluctuationsleaveitalongwayfromhomeintheformofthe
potentialminimum.

Thisrequirementforweakcouplingand/orsmallmassscalesnearthePlanckepochis
suspicious,sincequantumcorrectionswilltendtore-introducethePlanckscale.Inthissense,
especiallywiththeappearanceofthePlanckscaleastheminimumrequiredfieldvalue,itisnotclear
thattheaimofrealizinginflationinaclassicalwaydistinctfromquantumgravityhasbeenfulfilled.

4.4Endinginflation

bubblenucleationandthegracefulexitInsmall-fieldinflation,asinwithGuth’s
initialidea,thepotentialistrappedatφ=0,andeventuallyundergoesafirst-orderphasetransition.
Thismodelsuffersfromtheproblemthatitpredictsresidualinhomogeneitiesafterinflationisover
thatarefartoolarge.Thisiseasilyseen:becausethetransitionisfirst-order,itproceedsby
bubblenucleation,wherethevacuumtunnelsbetweenfalseandtruevacua.However,the
regionoccupiedbythesebubbleswillgrowasacausalprocess,whereasoutsidethebubblesthe
exponentialexpansionofinflationcontinues.Thismeansthatitisverydifficultforthebubblesto
percolateandeliminatethefalsevacuumeverywhere,asisneededforanendtoinflation.Instead,
inflationcontinuesindefinitely,withthebubblesoftruevacuumhavingonlyasmallfillingfactor
atanytime.Thisgracefulexitproblemmotivatedvariantsinwhichthephasetransitionis
secondorder,andproceedscontinuouslybythefieldrollingslowlybutfreelydownthepotential.

reheatingAswehaveseen,slow-rollingbehaviourrequiresthefieldderivativestobenegligible;
buttherelativeimportanceoftimederivativesincreasesasVapproacheszero(iftheminimumis
indeedatzeroenergy).Evenifthepotentialdoesnotsteepen,soonerorlaterwewillhaveǫ≃1or
|η|≃1andtheinflationaryphasewillcease.Insteadofrollingslowly‘downhill’,thefieldwilloscillate
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aboutthebottomofthepotential,withtheoscillationsbecomingdampedbythe3Hφ̇frictionterm.
Eventually,wewillbeleftwithastationaryfieldthateithercontinuestoinflatewithoutend,if
V(φ=0)>0,orwhichsimplyhaszerodensity.

However,thisconclusionisincomplete,becausewehavesofarneglectedthecouplingsof
thescalarfieldtomatterfields.Suchcouplingswillcausetherapidoscillatoryphasetoproduce
particles,leadingtoreheating.Thus,eveniftheminimumofV(φ)isatV=0,theuniverseis
leftcontainingroughlythesameenergydensityasitstartedwith,butnowintheformofnormal
matterandradiation–whichstartstheusualFRWphase,albeitwiththedesiredspecial‘initial’
conditions.

Aswellasbeingofinterestforcompletingthepictureofinflation,itisessentialtorealize
thattheseclosingstagesofinflationaretheonlyonesofobservationalrelevance.Inflationmight
wellcontinueforahugenumberofe-foldings,allbutthelastfewsatisfyingǫ,η≪1.However,the
scalesthatleftthedeSitterhorizonattheseearlytimesarenowvastlygreaterthanourobservable
horizon,c/H0,whichexceedsthedeSitterhorizonbyonlyafinitefactor–aboute

60
forGUT-scale

inflation,aswesawearlier.Realizingthattheobservationalregimecorrespondsonlytotheterminal
phasesofinflationisbothdepressingandstimulating:depressing,becauseφmaywellnotmove
verymuchduringthelastphases–ourobservationsrelateonlytoasmallpieceofthepotential,
andwecannothopetorecoveritsformwithoutsubstantialaprioriknowledge;stimulating,because
observationsevenonverylargescalesmustrelatetoaperiodwherethesimpleconceptsofexponential
inflationandscale-invariantdensityfluctuationswerecomingclosetobreakingdown.Thisopens
thepossibilityoftestinginflationtheoriesinawaythatwouldnotbepossiblewithdatarelatingto
onlythesimplerearlyphases.Theseteststaketheformoftiltandgravitationalwavesinthefinal
perturbationspectrum,tobediscussedfurtherbelow.

5Fluctuationsfrominflation

Topicstobecovered:

•Descriptionofinhomogeneity

•Mechanismsforfluctuationgeneration

•Tiltandtensormodes

•Eternalinflation
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5.1Theperturbeduniverse

Wenowneedtoconsiderthegreatestachievementofinflation,whichwasnotanticipatedwhenthe
theorywasfirstputforward:itprovidesaconcretemechanismforgeneratingtheseedsofstructure
intheuniverse.Inessence,theideaisthattheinevitablesmallquantumfluctuationsintheinflaton
fieldφaretransformedintoresidualclassicalfluctuationsindensitywheninflationisover.The
detailsofthisprocesscanbetechnical,andcouldeasilyfillalecturecourse.Thefollowingtreatment
isthereforesimplifiedasfaraspossible,whilestillmakingcontactwiththefullresults.

quantifyinginhomogeneityThefirstissuewehavetodealwithishowtoquantify
departuresfromuniformdensity.Frequently,anintuitiveNewtonianapproachcanbeused,and
wewilladoptthiswhereverpossible.Butweshouldbeginwithaquickoverviewoftherelativistic
approachtothisproblem,toemphasisesomeofthebigissuesthatareignoredintheNewtonian
method.

Becauserelativisticphysicsequationsarewritteninacovariantforminwhichallquantitiesare
independentofcoordinates,relativitydoesnotdistinguishbetweenactivechangesofcoordinate(e.g.
aLorentzboost)orpassivechanges(amathematicalchangeofvariable,normallytermedagauge
transformation).Thisgeneralityisaproblem,aswecanseebyaskinghowsomescalarquantityS
(whichmightbedensity,temperatureetc.)changesunderagaugetransformationx

µ
→x

′µ
=x

µ
+ǫ

µ
.

AgaugetransformationinducestheusualLorentztransformationcoefficientsdx
′µ
/dx

ν
(whichhave

noeffectonascalar),butalsoinvolvesatranslationthatrelabelsspacetimepoints.Wetherefore
haveS

′
(x

µ
+ǫ

µ
)=S(x

µ
),or

S
′
(x

µ
)=S(x

µ
)−ǫ

α
∂S/∂x

α
.(126)

Considerapplyingthistothecaseofauniformuniverse;hereρonlydependsontime,sothat

ρ
′
=ρ−ǫ

0
ρ̇.(127)

Aneffectivedensityperturbationisthusproducedbyalocalalterationinthetimecoordinate:when
welookatauniversewithafluctuatingdensity,shouldwereallythinkofauniformmodelinwhich
timeiswrinkled?Thisambiguitymayseemabsurd,andinthelaboratoryitcouldberesolved
empiricallybyconstructingthecoordinatesystemdirectly–inprinciplebyusinglightsignals.
Thisshowsthatthecosmologicalhorizonplaysanimportantroleinthistopic:perturbationswith
wavelengthλ<∼ctinhabitaregimeinwhichgaugeambiguitiescanberesolveddirectlyviacommon
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sense.Therealdifficultieslieinthesuper-horizonmodeswithλ>∼ct.Withininflationarymodels,
however,thesedifficultiescanbeovercome,sincethetruehorizonis≫ct.

Themostdirectgeneralwayofsolvingthesedifficultiesistoconstructperturbationvariables
thatareexplicitlyindependentofgauge.Acomprehensivetechnicaldiscussionofthismethodis
giveninchapter7ofMukhanov’sbook,andwesummarizetheessentialelementshere,largely
withoutproof.

Firstly,metricperturbationscanbesplitintothreeclasses:scalarperturbations,which
aredescribedbyscalarfunctionsofspacetimecoordinate,andwhichcorrespondtogrowingdensity
perturbations;vectorperturbations,whichcorrespondtovorticityperturbations,andtensor
perturbations,whichcorrespondtogravitationalwaves.Here,weshallconcentratemainlyon
scalarperturbations.

Akeyresultisthatscalarperturbationscanbedescribedbyjusttwogauge-invariant
‘potentials’(functionsofspacetimecoordinates).Sincethesearegauge-invariant,wemayaswell
writetheperturbedmetricinaparticulargaugethatmakesthingslookassimpleaspossible.This
isthelongitudinalgaugeinwhichthetimeandspacepartsoftheRWmetricareperturbed
separately:

dτ
2
=(1+2Ψ)dt

2
−(1−2Φ)γijdx

i
dx

j
.(128)

Healthwarning:therearedifferentconventions,andthesymbolsforthepotentialsaresometimes
swapped,orsignsflipped.

AsecondkeyresultisthatinsertingthelongitudinalmetricintotheEinsteinequationsshows
thatΨandΦareidenticalinthecaseoffluid-likeperturbationswhereoff-diagonalelementsof
theenergy–momentumtensorvanish.Inthiscase,thelongitudinalgaugebecomesidenticaltothe
Newtoniangauge,inwhichperturbationsaredescribedbyasinglescalarfield,whichisthe
gravitationalpotential:

dτ
2
=(1+2Φ)dt

2
−(1−2Φ)γijdx

i
dx

j
,(129)

andthisshouldbequitefamiliar.Ifweconsidersmallscales,sothatthespatialmetricγijbecomes
thatofflatspace,thenthisformmatches,forexample,theSchwarzschildmetricwithΦ=−GM/r,
inthelimitΦ/c

2
≪1.

Theconclusionisthusthatthegravitationalpotentialcanformanypurposesgiveaneffectively
gauge-invariantmeasureofcosmologicalperturbations.Theadvantageofthisfactisthatthe
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gravitationalpotentialisafamiliarobject,whichwecanmanipulateanduseourNewtonianintuition.
Thisisstillnotguaranteedtogivecorrectresultsonscalesgreaterthanthehorizon,however,soa
fullyrelativisticapproachistobepreferred.Butwiththelengthrestrictionsofthiscourse,itishard
togobeyondtheNewtonianapproach.Themainresultsofthefulltheorycanatleastbeunderstood
andmadeplausibleinthisway.

fluctuationpowerspectraFromtheNewtonianpointofview,potentialfluctuationsare
directlyrelatedtothoseindensityviaPoisson’sequation:

∇
2
Φ/a

2
=4πG(1+3w)ρ̄δ,(130)

wherewehavedefinedadimensionlessfluctuationamplitude

δ≡
ρ−ρ̄
ρ̄

.(131)

thefactorofa
2
istheresowecanusecomovinglengthunitsin∇

2
andthefactor(1+3w)accounts

fortherelativisticactivemassdensityρ+3p.

Weareveryofteninterestedinaskinghowthesefluctuationsdependonscale,whichamounts
tomakingaFourierexpansion:

δ(x)=
∑

δke
−ik·x

,(132)

wherekisthecomovingwavevector.Whataretheallowedmodes?Ifthefieldwereperiodicwithin
someboxofsideL,wewouldhavetheusualharmonicboundaryconditions

kx=n
2π

L
,n=1,2···,(133)

andtheinverseFourierrelationwouldbe

δk(k)=

(

1

L

)

3
∫

δ(x)exp
(

ik·x
)

d
3
x.(134)
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WorkinginFourierspaceinthiswayispowerfulbecauseitimmediatelygivesawayofsolving
Poisson’sequationandrelatingfluctuationsindensityandpotential.Forasinglemode,∇

2
→−k

2
,

andso

Φk=−4πG(1+3w)a
2
ρ̄δk/k

2
.(135)

Thefluctuatingdensityfieldcanbedescribedbyitsstatisticalproperties.Themeaniszero
byconstruction;thevarianceisobtainedbytakingthevolumeaverageofδ

2
:

〈δ
2
〉=

∑

|δk|
2
.(136)

Toseethisresult,writethelhsinsteadas〈δδ
∗
〉(makesnodifferenceforarealfield),andappreciate

thatallcrosstermsintegratetozeroviatheboundaryconditions.Forobviousreasons,thequantity

P(k)≡|δk|
2

(137)

iscalledthepowerspectrum.Notethat,inanisotropicuniverse,weassumethatPwillbe
independentofdirectionofthewavevectorinthelimitofalargebox:thefluctuatingdensityfield
isstatisticallyisotropic.Inapplyingthisapparatus,wewouldnotwantthe(arbitrary)boxsize
toappear.Thishappensnaturally:astheboxbecomesbig,themodesarefinelyspacedandasum
overmodesisreplacedbyanintegraloverkspacetimestheusualdensityofstates,(L/2π)

3
:

〈δ
2
〉=

∑

|δk|
2
→

L
3

(2π)3

∫

P(k)d
3
k=

∫

∆
2
(k)dlnk.(138)

Inthelaststep,wehavedefinedthecombination

∆
2
(k)≡

L
3

(2π)34πk
3
P(k),(139)

whichabsorbstheboxsizeintothedefinitionofadimensionlesspowerspectrum,whichgivesthe
contributiontothevariancefromeachlogarithmicrangeofwavenumber(orwavelength).Despite
theattractionofadimensionlessquantity,onestillfrequentlyseesplotsofP(k)–andoftenina
dimensionallyfudgedforminwhichL=1isassumed,andPgivenunitsofvolume.
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5.2Relicfluctuationsfrominflation

overviewItwasrealizedveryquicklyaftertheinventionofinflationthatthetheorymightalso
solvetheotherbigpuzzlewiththeinitialconditionoftheuniverse.Whenwestudygravitational
instability,wewillseethatthepresent-daystructurerequiresthattheuniverseateventhePlanck
erawouldhavehadtopossessafinitedegreeofinhomogeneity.Inflationsuggestsanaudacious
explanationforthisstructure,whichisthatitisanamplifiedformofthequantumfluctuationsthat
areinevitablewhentheuniverseissufficientlysmall.Thepresentstandardtheoryofthisprocesswas
workedoutbyanumberofresearchersandgenerallyagreedatahistoric1982Nuffieldconferencein
Cambridge.

Theessenceoftheideacanbeseeninfigure12.ThisremindsusthatdeSitterspacecontains
aneventhorizon,inthatthecomovingdistancethatparticlescantravelbetweenatimet0and
t=∞isfinite,

rEH=

∫

∞

t0

cdt

R(t)
;(140)

thisisnottobeconfusedwiththeparticlehorizon,wheretheintegralwouldbebetween0andt0.
WithR∝exp(Ht),theproperradiusofthehorizonisgivenbyR0rEH=c/H.Theexponential
expansionliterallymakesdistantregionsofspacemovefasterthanlight,sothatpointsseparated
by>c/Hcannevercommunicatewitheachother.Ifweimagineexpandingtheinflaton,φ,using
comovingFouriermodes,thentherearetwointerestinglimitsforthemodewavelength:

(1)‘Insidethehorizon’:a/k≪c/H.HerethedeSitterexpansionisnegligible,justasweneglect
themodernvacuumenergyintheSolarsystem.Thefluctuationsinφcanbecalculated
exactlyasinflat-spacequantumfieldtheory.

(2)‘Outsidethehorizon’:a/k≫c/H.Nowthemodehasawavelengththatexceedsthescale
overwhichcausalinfluencescanoperate.Therefore,itmustnowactasa‘frozen’quantity,
whichhasthecharacterofaclassicaldisturbance.Thisfieldfluctuationcanactastheseed
forsubsequentdensityfluctuations.

Beforegoinganyfurther,wecanimmediatelynotethatanaturalpredictionwillbeaspectrum
ofperturbationsthatarenearlyscaleinvariant.Thismeansthatthemetricfluctuationsofspacetime
receiveequallevelsofdistortionfromeachdecadeofperturbationwavelength,andmaybequantified
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r = c / H

Figure12.TheeventhorizonindeSitterspace.Particlesoutsidethesphereat
r=c/Hcanneverreceivelightsignalsfromtheorigin,norcananobserveratthe
originreceiveinformationfromoutsidethesphere.Theexponentialexpansionquickly
acceleratesanyfreelyfallingobserverstothepointwheretheirrecessionfromtheorigin
iseffectivelysuperluminal.Thewavetrainsrepresentthegenerationoffluctuationsin
thisspacetime.Waveswithλ≪c/Heffectivelyoccupyflatspace,andsoundergothe
normalquantumfluctuationsforavacuumstate.Asthesemodes(offixedcomoving
wavelength)areexpandedtosizes≫c/H,causalityforcesthequantumfluctuationto
becomefrozenasaclassicalamplitudethatcanseedlarge-scalestructure.

intermsofthedimensionlesspowerspectrum,∆
2
Φ,oftheNewtoniangravitationalpotential,Φ

(c=1):

∆
2
Φ≡

dσ
2
(Φ)

dlnk
=constant≡δ

2
H.(141)
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Theoriginoftheterm‘scale-invariant’isclear:sincepotentialfluctuationsmodifyspacetime,this
isequivalenttosayingthatspacetimemustbeafractal:ithasthesamelevelofdeviationfromthe
exactRWformoneachlevelofresolution.Itiscommontodenotethelevelofmetricfluctuations
byδH–thehorizon-scaleamplitude(whichweknowtobeabout10

−5
).Thejustificationfor

thisnameisthatthepotentialperturbationisofthesameorderasthedensityfluctuationonthe
scaleofthehorizonatanygiventime.WecanseethisfromPoisson’sequationinFourierspace:

Φk=−
a
2

k24πGρ̄δk=−(3/2)
a
2

k2ΩmH
2
δk(142)

(wherewehavetakenaw=0pressurelessequationofstate).ThissaysthatΦk/c
2
∼δkwhenthe

reciprocalofthephysicalwavenumberisc/H,i.e.isoforderthehorizonsize.

TheintuitiveargumentforscaleinvarianceisthatdeSitterspaceisinvariantundertime
translation:thereisnonaturaloriginoftimeunderexponentialexpansion.Atagiventime,the
onlylengthscaleinthemodelisthehorizonsizec/H,soitisinevitablethatthefluctuationsthat
existonthisscalearethesameatalltimes.Byourcausalityargument,thesemetricfluctuations
mustbecopiedunchangedtolargerscalesastheuniverseexponentiates,sothattheappearanceof
theuniverseisindependentofthescaleatwhichitisviewed.

Ifweacceptthisroughargument,thentheimplieddensitypowerspectrumisinteresting.
becauseoftherelationbetweenpotentialanddensity,itmustbe

∆
2
(k)∝k

4
,(143)

Sothedensityfieldisverystronglyinhomogeneousonsmallscales.Anotherwayofputtingthisis
intermsofastandardpower-lawnotationforthenon-dimensionlessspectrum:

P(k)∝k
n
;n=1.(144)

Togetafeelingforwhatthismeans,considerthecaseofamatterdistributionbuiltupbythe
randomplacementofparticles.Itisnothardtoshowthatthiscorrespondstowhitenoise:a
powerspectrumthatisindependentofscale–i.e.n=0.RecalltheinverseFourierrelation:

δk(k)=

(

1

L

)

3
∫

δ(x)exp
(

ik·x
)

d
3
x.(145)
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Here,thedensityfieldisasumofspikesatthelocationsofparticles.Becausetheplacementis
random,thecontributionofeachspikeisacomplexnumberofphaseuniformlydistributedbetween
0and2π,independentofk.Conversely,then=1‘scale-invariant’spectrumthusrepresentsadensity
fieldthatissuper-uniformonlargescales,butwithenhancedsmall-scalefluctuations.

Thisn=1spectrumwasconsideredagenericpossibilitylongbeforeinflation,andisalso
knownastheZeldovichspectrum.Itispossibletoalterthispredictionofscaleinvarianceonly
iftheexpansionisnon-exponential;butwehaveseenthatsuchdeviationsmustexisttowardsthe
endofinflation.Aswewillsee,itisnaturalforntodeviatefromunitybyafew%,andthisisone
ofthepredictionsofinflation.

amoredetailedtreatmentWenowneedtogiveanoutlineoftheexacttreatmentof
inflationaryfluctuations,whichwillallowustocalculateboththescaledependenceofthespectrum
andtheabsoluteleveloffluctuations.Thiscanbeaprettytechnicalsubject,butitispossibleto
takeasimpleapproachandstillgiveaflavourofthemainresultsandhowtheyarise.

Toanticipatethefinalanswer,theinflationarypredictionisofahorizon-scaleamplitude

δH=
H

2

2πφ̇
(146)

whichcanbeunderstoodasfollows.Imaginethatthemaineffectoffluctuationsistomakedifferent
partsoftheuniversehavefieldsthatareperturbedbyanamountδφ.Inotherwords,wearedealing
withvariouscopiesofthesamerollingbehaviourφ(t),butviewedatdifferenttimes

δt=
δφ

φ̇
.(147)

Theseuniverseswillthenfinishinflationatdifferenttimes,leadingtoaspreadinenergydensities
(figure13).Thehorizon-scaledensityamplitudeisgivenbythedifferentamountsthattheuniverses
haveexpandedfollowingtheendofinflation:

δH≃Hδt=
H

φ̇
δφ=

H

φ̇
×
H

2π
=

H
2

2πφ̇
.(148)

TheδH≃HδtargumentreliesonR(t)∝exp(Ht)andthatδHisoforderthefractionalchangein
R.Wewillnotattemptheretodobetterthanjustifytheorderofmagnitude.
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Figure13.Thisplotshowshowfluctuationsinthescalarfieldtransform
themselvesintodensityfluctuationsattheendofinflation.Differentpointsofthe
universeinflatefrompointsonthepotentialperturbedbyafluctuationδφ,liketwo
ballsrollingfromdifferentstartingpoints.Inflationfinishesattimesseparatedbyδt
intimeforthesetwopoints,inducingadensityfluctuationδ=Hδt.

Thelaststepusesthecrucialinputofquantumfieldtheory,whichsaysthatthermsδφis
givenbyH/2π,andwenowsketchthederivationofthisresult,Whatweneedtodoisconsiderthe
equationofmotionobeyedbyperturbationsintheinflatonfield.Thebasicequationofmotionis

φ̈+3Hφ̇−∇
2
φ+V

′
(φ)=0,(149)

andweseekthecorrespondingequationfortheperturbationδφobtainedbystartinginflation
withslightlydifferentvaluesofφindifferentplaces.Supposethisperturbationtakestheform
ofacomovingplane-waveperturbationofcomovingwavenumberkandamplitudeA:δφ=
Aexp(ik·x−ikt/a).Iftheslow-rollconditionsarealsoassumed,sothatV

′
maybetreatedas

aconstant,thentheperturbedfieldδφobeysthefirst-orderperturbationoftheequationofmotion
forthemainfield:

¨[δφ]+3H˙ [δφ]+(k/a)
2
[δφ]=0,(150)

whichisastandardwaveequationforamasslessfieldevolvinginanexpandinguniverse.

Havingseenthattheinflatonperturbationbehavesinthisway,itisnotmuchworktoobtain
thequantumfluctuationsthatresultinthefieldatlatetimes(i.e.onscalesmuchlargerthanthe
deSitterhorizon).Firstconsiderthefluctuationsinflatspaceonscaleswellinsidethehorizon.In
principle,thisrequiresquantumfieldtheory,butthevacuumfluctuationsinφcanbederivedby
asimpleargumentusingtheuncertaintyprinciple.Firstofall,notethatthesub-horizonequation

60



ofmotionisjustthatforasimpleharmonicoscillator:¨[δφ]+ω
2
[δφ]=0,whereω=k/a.Foran

oscillatorofmassmandpositioncoordinateq,thermsuncertaintyinqinthegroundstateis

qrms=

(

h̄

2mω

)

1/2

.(151)

Thiscanbederivedimmediatelyfromtheuncertaintyprinciple,whichsaysthattheminimum
uncertaintyis

〈(δp)
2
〉〈(δq)

2
〉=h̄

2
/4.(152)

Foraclassicaloscillationwithq(t)∝e
iωt
,themomentumisp(t)=mq̇=iωmq(t).Quantum

uncertaintycanbethoughtofassayingthatwelackaknowledgeoftheamplitudeoftheoscillator,
butinanycasetheamplitudesinmomentumandcoordinatemustberelatedbyprms=mωqrms.
Theuncertaintyprinciplethereforesays

m
2
ω

2
q
4
rms=h̄

2
/4,(153)

whichyieldstherequiredresult.

Forscalarfieldfluctuations,our‘coordinate’qisjustthefieldδφ,theoscillatorfrequencyis
ω=k/a,andwenowreverttoh̄=1.Whatistheanalogueofthemassoftheoscillatorinthis
case?RecallthataLagrangian,L,hasamomentump=∂L/∂q̇correspondingtoeachcoordinate.
Forthepresentapplication,thekineticpartoftheLagrangiandensityis

Lkinetic=a
3
φ̇

2
/2,(154)

andthe‘momentum’conjugatetoφisp=a
3
φ̇.Inthecurrentcase,pisamomentumdensity,since

LisaLagrangiandensity;weshouldthereforemultiplypbyacomovingvolumeV,sotheanalogue
oftheSHOmassism=a

3
V.

Theuncertaintyprinciplethereforegivesusthevarianceofthezero-pointfluctuationsinδφ
as

〈(δφ)
2
〉=

(

2(a
3
V)(k/a)

)

−1
,(155)
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soweadoptanrmsfieldamplitudefromquantumfluctuationsof

δφ=(a
3
V)
−1/2

(2k/a)
−1/2

e
−ikt/a

.(156)

Thisisthecorrectexpressionthatresultsfromafulltreatmentinquantumfieldtheory.

Withthisboundarycondition,itstraightforwardtocheckbysubstitutionthatthefollowing
expressionsatisfiestheevolutionequation:

δφ=(a
3
V)
−1/2

(2k/a)
−1/2

e
ik/aH

(1+iaH/k)(157)

(rememberthatHisaconstant,sothat(d/dt)[aH]=Hȧ=aH
2

etc.).Atearlytimes,when
thehorizonismuchlargerthanthewavelength,aH/k≪1,andsothisexpressionistheflat-
spaceresult,exceptthatthetimedependencelooksalittleodd,beingexp(ik/aH).However,since
(d/dt)[k/aH]=−k/a,weseethattheoscillatorytermhasaleadingdependenceontofthedesired
−kt/aform.

Attheoppositeextreme,aH/k≫1,thesquaredfluctuationamplitudebecomesfrozenout
atthevalue

〈0||φk|
2
|0〉=

H
2

2k3V,(158)

wherewehaveemphasisedthatthisisthevacuumexpectationvalue.Thefluctuationsinφdepend
onkinsuchawaythatthefluctuationsperdecadeareconstant:

d(δφ)
2

dlnk
=
4πk

3
V

(2π)3〈0||φk|
2
|0〉=

(

H

2π

)

2

(159)

(thefactorV/(2π)
3
comesfromthedensityofstatesintheFouriertransform,andcancelsthe1/V

inthefieldvariance;4πk
2
dk=4πk

3
dlnkcomesfromthek-spacevolumeelement).

Thiscompletestheargument.Theinitialquantumzero-pointfluctuationsinthefieldhave
beentranscribedtoaconstantclassicalfluctuationthatcaneventuallymanifestitselfaslarge-
scalestructure.Thermsvalueoffluctuationsinφcanbeusedasabovetodeducethepower
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spectrumofmassfluctuationswellafterinflationisover.Intermsofthevarianceperlnkinpotential
perturbations,theansweris

δ
2
H≡∆

2
Φ(k)=

H
4

(2πφ̇)2

H
2
=
8π

3

V

m2
P

3Hφ̇=−V
′
,

(160)

wherewehavealsowrittenonceagaintheslow-rollconditionandthecorrespondingrelationbetween
HandV,sincemanipulationofthesethreeequationsisoftenrequiredinderivations.

tensorperturbationsLaterinthecourse,wewillcomparethepredictionsofthisinflationary
apparatuswithobservationsofthefluctuatingdensityfieldofthecontemporaryuniverse.Itshould
beemphasisedagainjustwhatanaudaciousideathisis:thatallthestructurearounduswasseeded
byquantumfluctuationswhiletheuniversewasofsubnuclearscale.Itwouldbeniceifwecould
verifythisradicalassumption,andthereisonebasictest:iftheideaofquantumfluctuationsis
correct,itshouldapplytoeveryfieldthatwaspresentintheearlyuniverse.Inparticular,itshould
applytothegravitationalfield.Thiscorrespondstometricperturbationsintheformofatensor
h

µν
,whosecoefficientshavesometypicalamplitudeh(nottheHubbleparameter).Thisspatial

strainiswhatismeasuredbygravity-wavetelescopessuchasLIGO:theseparationbetweenapair
offreely-suspendedmasseschangesbyafractionalamountoforderhasthewavepasses.These
experimentscanbefabulouslyprecise,withacurrentsensitivityofaroundh=10

−21
.

Whatvalueofhdoesinflationpredict?Forscalarperturbations,small-scalequantum
fluctuationsleadtoanamplitudeδφ=H/2πonhorizonexit,whichtransformstoametricfluctuation

δH=Hδφ/φ̇.Tensormodesbehavesimilarly–exceptthathmustbedimensionless,whereasφ
hasdimensionsofmass.Ondimensionalgrounds,then,theformulaforthetensorfluctuationsis
plausible:

hrms∼H/mP.(161)

Butunlikefluctuationsintheinflaton,thetensorfluctuationdonotaffecttheprogressofinflation:
oncegenerated,theyplaynofurtherpartineventsandsurvivetothepresentday.Detectionofthese
primordialtensorperturbationswouldnotonlygiveconfidenceinthebasicinflationarypicture,but
wouldmeasureratherdirectlytheenergyscaleofinflation.
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inflatoncouplingThecalculationofdensityinhomogeneitiessetsanimportantlimitonthe
inflationpotential.Fromtheslow-rollingequation,weknowthatthenumberofe-foldingsofinflation
is

N=

∫

Hdt=

∫

Hdφ/φ̇=

∫

3H
2
dφ/V

′
.(162)

SupposeV(φ)takestheformV=λφ
4
,sothatN=H

2
/(2λφ

2
).Thedensityperturbationscanthen

beexpressedas

δH∼
H

2

φ̇
=
3H

3

V′∼λ
1/2
N

3/2
.(163)

SinceN>∼60,theobservedδH∼10
−5

requires

λ<∼10
−15

.(164)

Alternatively,inthecaseofV=m
2
φ

2
,δH=3H

3
/(2m

2
φ).SinceH∼

√
V/mP,thisgives

δH∼mφ
2
/m

3
P∼10

−5
.Sincewehavealreadyseenthatφ>∼mPisneededforinflation,this

gives

m<∼10
−5
mP.(165)

Theseconstraintsappeartosuggestadefectininflation,inthatweshouldbeabletousethe
theorytoexplainwhyδH∼10

−5
,ratherthanusingthisobservedfacttoconstrainthetheory.The

amplitudeofδHisoneofthemostimportantnumbersincosmology,anditisvitaltoknowwhether
thereisasimpleexplanationforitsmagnitude.Onewaytoviewthisistoexpressthehorizon-scale
amplitudeas

δH∼
V

1/2

m2
Pǫ1/2.(166)

Wehavearguedthatinflationwillendwithǫoforderunity;ifthepotentialweretohavethe
characteristicvalueV∼E

4
GUTthenthiswouldgivethesimpleresult

δH∼
(

mGUT

mP

)

2

.(167)
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tiltFinally,deviationsfromexactexponentialexpansionmustexistattheendofinflation,and
thecorrespondingchangeinthefluctuationpowerspectrumisapotentialtestofinflation.Define
thetiltofthefluctuationspectrumasfollows:

tilt≡1−n≡−
dlnδ

2
H

dlnk
.(168)

Wethenwanttoexpressthetiltintermsofparametersoftheinflationarypotential,ǫandη.These
areoforderunitywheninflationterminates;ǫandηmustthereforebeevaluatedwhentheobserved
universeleftthehorizon,recallingthatweonlyobservethelast60-odde-foldingsofinflation.The
waytointroducescaledependenceistowritetheconditionforamodeofgivencomovingwavenumber
tocrossthedeSitterhorizon,

a/k=H
−1
.(169)

SinceHisnearlyconstantduringtheinflationaryevolution,wecanreplaced/dlnkbydlna,and
usetheslow-rollconditiontoobtain

d

dlnk
=a

d

da
=

φ̇

H

d

dφ
=−

m
2
P

8π

V
′

V

d

dφ
.(170)

Wecannowworkoutthetilt,sincethehorizon-scaleamplitudeis

δ
2
H=

H
4

(2πφ̇)2
=
128π

3

(

V
3

m6
PV′2

)

,(171)

andderivativesofVcanbeexpressedintermsofthedimensionlessparametersǫandη.Thetiltof
thedensityperturbationspectrumisthuspredictedtobe

1−n=6ǫ−2η(172)

Formostmodelsinwhichthepotentialisasmoothpolynomial-likefunction,|η|≃|ǫ|.Since
ǫhasthelargercoefficientandispositivebydefinition,thesimplestinflationmodelstendtopredict
thatthespectrumofscalarperturbationsshouldbeslightlytilted,inthesensethatnisslightlyless
thanunity.
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Itisinterestingtoputfleshonthebonesofthisgeneralexpressionandevaluatethetiltfor
somespecificinflationarymodels.Thisiseasyinthecaseofpower-lawinflationwitha∝t

p
because

theinflationparametersareconstant:ǫ=η/2=1/p,sothatthetilthereisalways

1−n=2/p(173)

Ingeneral,however,theinflationderivativeshavetobeevaluatedexplicitlyonthelargestscales,60
e-foldingspriortotheendofinflation,sothatweneedtosolve

60=

∫

Hdt=
8π

m2
P

∫

φ

φend

V

V′dφ.(174)

Abettermotivatedchoicethanpower-lawinflationwouldbeapower-lawpotentialV(φ)∝φ
α
;many

chaoticinflationmodelsconcentrateonα=2(mass-liketerm)orα=4(highestrenormalizable
power).Here,ǫ=m

2
Pα

2
/(16πφ

2
),η=ǫ×2(α−1)/α,and

60=
8π

m2
P

∫

φ

φend

φ

α
dφ=

4π

m2
Pα

(φ
2
−φ

2
end).(175)

Itiseasytoseethatφend≪φandthatǫ=α/240,leadingfinallyto

1−n=(2+α)/120.(176)

Thepredictionsofsimplechaoticinflationarethusveryclosetoscaleinvarianceinpractice:n=0.97
forα=2andn=0.95forα=4.However,suchatilthasasignificanteffectovertheseveraldecades
inkfromCMBanisotropymeasurementstosmall-scalegalaxyclustering.Theseresultsareinsome
sensethedefaultinflationarypredictions:exactscaleinvariancewouldbesurprising,aswouldlarge
amountsoftilt.Eitherobservationwouldindicatethatthepotentialmusthaveamorecomplicated
structure,orthattheinflationaryframeworkisnotcorrect.
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5.3Stochasticeternalinflation

Thesefluctuationsinthescalarfieldcanaffecttheprogressofinflationitself.Theycanbethoughtof
asaddingarandom-walkelementtotheclassicalrollingofthescalarfielddownthetroughdefined
byV(φ).Incaseswhereφistooclosetotheoriginforinflationtopersistforsufficientlylong,
itispossibleforthequantumfluctuationstopushφfurtherout–creatingfurtherinflationina
self-sustainingprocess.Thisistheconceptofstochasticinflation.

Considerthescalarfieldatagivenpointintheinflationaryuniverse.Eache-foldingofthe
expansionproducesnewclassicalfluctuations,whichaddincoherentlytothosepreviouslypresent.
Ifthefieldissufficientlyfarfromtheorigininapolynomialpotential,thesefluctuationsproduce
arandomwalkofφ(t)thatoverwhelmstheclassicaltrajectoryinwhichφtriestorolldownthe
potential,asfollows.Theclassicalamplitudefromquantumfluctuationsisδφ=H/2π,andanew
disturbanceofthesamermswillbeaddedforevery∆t=1/H.Theslow-rollingequationsays

thatthetrajectoryisφ̇=−V
′
/3H;wealsohaveH

2
=8πV/3m

2
P,sothattheclassicalchangein

φis∆φ=−m
2
PV

′
/8πVinatime∆t=1/H.ConsiderV=λ|φ|

n
/(nm

n−4
P),forwhichthesetwo

changesinφwillbeequalatφ∼φ
∗
=mP/λ

1/(n+2)
.Forsmallerφ,thequantumfluctuationswill

haveanegligibleeffectontheclassicaltrajectory;forlargerφ,theequationofmotionwillbecome
stochastic.Theresultingrandomwalkwillsendsomepartsoftheuniversetoeverlargervalues
ofφ,soinflationneverentirelyends.Thiseternalinflationisthebasisfortheconceptofthe
inflationarymultiverse:differentwidely-separatedpartsoftheuniversewillinflatebydifferent
amounts,producingineffectseparateuniverseswithdistinctformationhistories.

6Structureformation–I

6.1Newtonianequationsofmotion

WehavedecidedthatperturbationswillinmostcaseseffectivelybedescribedbytheNewtonian
potential,Φ.NowweneedtodevelopanequationofmotionforΦ,orequivalentlyforthedensity
fluctuationρ≡(1+δ)ρ̄.IntheNewtonianapproach,wetreatdynamicsofcosmologicalmatter
exactlyaswewouldinthelaboratory,byfindingtheequationsofmotioninducedbyeitherpressure
orgravity.Webeginbycastingtheproblemincomovingunits:

x(t)=a(t)r(t)

δv(t)=a(t)u(t),
(177)
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sothatxhasunitsofproperlength,i.e.itisanEuleriancoordinate.Firstnotethatthe
comovingpeculiarvelocityuisjustthetimederivativeofthecomovingcoordinater:

ẋ=ȧr+aṙ=Hx+aṙ,(178)

wheretherhsmustbeequaltotheHubbleflowHx,plusthepeculiarvelocityδv=au.

TheequationofmotionfollowsfromwritingtheEulerianequationofmotionasẍ=g0+g,
whereg=−∇∇∇∇∇∇∇∇∇∇∇∇∇Φ/aisthepeculiaracceleration,andg0istheaccelerationthatactsonaparticle
inahomogeneousuniverse(neglectingpressureforcestostartwith,forsimplicity).Differentiating
x=artwicegives

ẍ=au̇+2ȧu+
ä

a
x=g0+g.(179)

Theunperturbedequationcorrespondstozeropeculiarvelocityandzeropeculiaracceleration:
(ä/a)x=g0;subtractingthisgivestheperturbedequationofmotion

u̇+2(ȧ/a)u=g/a=−∇∇∇∇∇∇∇∇∇∇∇∇∇Φ/a.(180)

Thisequationofmotionforthepeculiarvelocityshowsthatuisaffectedbygravitationalacceleration
andbytheHubbledragterm,2(ȧ/a)u.Thisarisesbecausethepeculiarvelocityfallswithtimeas
aparticleattemptstocatchupwithsuccessivelymoredistant(andthereforemorerapidlyreceding)
neighbours.Intheabsenceofgravity,wegetδv∝1/a:momentumredshiftsaway,justaswith
photonenergy.

Thepeculiarvelocityisdirectlyrelatedtotheevolutionofthedensityfield,through
conservationofmass.Ifwerestrictourselvestoathelinearapproximationwhereδ≪1,thelinearized
continuityequationforconservationofmomentumandmatterasexperiencedbyfundamental
observersmovingwiththeHubbleflowis:

δ̇=−∇∇∇∇∇∇∇∇∇∇∇∇∇·u.(181)

(seee.g.Section15.3ofPeacock1999forthedetails).

Thesolutionsoftheseequationscanbedecomposedintomodeseitherparalleltogor
independentofg(thesearethehomogeneousandinhomogeneoussolutionstotheequationof
motion).Thehomogeneouscasecorrespondstonopeculiargravity–i.e.zerodensityperturbation.

Thisisconsistentwiththelinearizedcontinuityequation,∇∇∇∇∇∇∇∇∇∇∇∇∇·u=−δ̇,whichsaysthatitispossible
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tohavevorticitymodeswith∇∇∇∇∇∇∇∇∇∇∇∇∇·u=0forwhichδ̇vanishes,sothereisnogrowthofstructure
inthiscase.Thepropervelocitiesofthesevorticitymodesdecayasv=au∝a

−1
,aswiththe

kinematicanalysisforasingleparticle.

growingmodeForthegrowingmode,itismostconvenienttoeliminateubytakingthe
divergenceoftheequationofmotionforu,andthetimederivativeofthecontinuityequation.This
requiresaknowledgeof∇∇∇∇∇∇∇∇∇∇∇∇∇·g,whichcomesviaPoisson’sequation:∇∇∇∇∇∇∇∇∇∇∇∇∇·g=4πGaρ0δ.Theresulting
2nd-orderequationforδis

δ̈+2
ȧ

a
δ̇=4πGρ0δ.(182)

ThisiseasilysolvedfortheΩm=1case,where4πGρ0=3H
2
/2=2/3t

2
,andapower-lawsolution

works:

δ(t)∝t
2/3

ort
−1
.(183)

Thefirstsolution,withδ(t)∝a(t)isthegrowingmode,correspondingtothegravitationalinstability
ofdensityperturbations.Givensomesmallinitialseedfluctuations,thisisthesimplestwayof
creatingauniversewithanydesireddegreeofinhomogeneity.

radiation-dominateduniverseTheanalysissofardoesnotapplywhentheuniversewas
radiationdominated(cs=c/

√
3).ForthisperiodoftheearlyUniverseitisthereforecommonto

resorttogeneralrelativityperturbationtheoryorusespecialrelativityfluidmechanicsandNewtonian
gravitywitharelativisticsourceterm(seee.g.Section15.2ofPeacock1999).Intheinterestsof
brevityandcompletenesswesimplyquotetheresultofthisanalysiswheretheresultingevolution
equationforδhasadrivingtermontherhsthatisafactor8/3higherthaninthematter-dominated
case

δ̈+2
ȧ

a
δ̇=

32π

3
Gρ0δ,(184)

Fortheflatcase,apower-lawsolutiongives:

δ(t)∝tort
−1
.(185)
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Thegrowingmodeduringradiationdomination(a∝t
1/2

)hasδ(t)∝a(t)
2
.

Theresultsformatterdominationandradiationdominationcanbecombinedtosaythat
gravitationalpotentialperturbationsareindependentoftime(atleastwhileΩ=1).Poisson’s
equationtellsusthat−k

2
Φ/a

2
∝ρδ;sinceρ∝a

−3
formatterdominationora

−4
forradiation,that

givesΦ∝δ/aorδ/a
2
respectively,sothat

Φ=constant(186)

ineithercase.Inotherwords,themetricfluctuationsresultingfrompotentialperturbationsare
frozen,atleastforperturbationswithwavelengthsgreaterthanthehorizonsize.

modelswithnon-criticaldensityWehavesolvedthegrowthequationforthematter-
dominatedΩ=1case.Itispossibletocopewithotherspecialcases(e.g.matter+curvature)with
someeffort.Inthegeneralcase(especiallywithageneralvacuumhavingw6=−1),itisnecessary
tointegratethedifferentialequationnumerically.Athighz,wealwayshavethematter-dominated
δ∝a,andthisservesasaninitialcondition.Ingeneral,wecanwrite

δ(a)∝af[Ω(a)],(187)

wherethefactorfexpressesadeviationfromthesimplegrowthlaw.Thecaseofmatter+
cosmologicalconstantisofthemostcommonpracticalinterest,andaverygoodapproximation
totheanswerisgivenbyCarrolletal.(1992):

f(Ω)≃
5
2Ωm

[

Ω
4/7
m−Ωv+(1+

1
2Ωm)(1+

1
70Ωv)

]

−1

.(188)

Thisisaccurate,butstillhardtoremember.ForflatmodelswithΩm+Ωv=1,asimpler
approximationisf≃Ω

0.23
m,whichislessmarkedthanf≃Ω

0.65
mintheΛ=0case.Thisreflects

themorerapidvariationofΩvwithredshift;ifthecosmologicalconstantisimportantdynamically,
thisonlybecamesoveryrecently,andtheuniversespentmoreofitshistoryinanearlyEinstein–de
SitterstatebycomparisonwithanopenuniverseofthesameΩm.
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6.2TheJeansscale

Sofar,wehavemainlyconsideredthecollisionlesscomponent.Forthephoton-baryongas,allthat
changesisthatthepeculiaraccelerationgainsatermfromthepressuregradients:

g=−∇∇∇∇∇∇∇∇∇∇∇∇∇Φ/a−∇∇∇∇∇∇∇∇∇∇∇∇∇p/(aρ).(189)

Thepressurefluctuationsarerelatedtothedensityperturbationsviathesoundspeed

c
2
s≡

∂p

∂ρ
.(190)

Nowthinkofaplane-wavedisturbanceδ∝e
−ik·r

,wherekandrareincomovingunits.Alltime
dependenceiscarriedbytheamplitudeofthewave.Thelinearizedequationofmotionforδthen
gainsanextratermontherhsfromthepressuregradient:

δ̈+2
ȧ

a
δ̇=δ

(

4πGρ0−c
2
sk

2
/a

2
)

.(191)

Thisshowsthatthereisacriticalproperwavelength,theJeanslength,atwhichweswitchfrom
thepossibilityofgravity-drivengrowthforlong-wavelengthmodestostandingsoundwavesatshort
wavelengths.Thiscriticallengthis

λ
proper
J=

2π

k
proper
J

=cs

√

π

Gρ
.(192)

Itisinterestingtoworkoutthevalueofthiscriticallength.Considerauniversewithacoupled
photon-baryonfluidandignoredarkmatter(whichwecandoathighredshifts,nearmatter-radiation
equality).Thesoundspeed,c

2
S=∂p/∂ρ,maybefoundbythinkingabouttheresponseofmatter

andradiationtosmalladiabaticcompressions:

δp=(4/9)ρrc
2
(δV/V),δρ=[ρm+(4/3)ρr](δV/V),(193)

implying

c
2
S=c

2

(

3+
9

4

ρm

ρr

)

−1

=c
2

[

3+
9

4

(

1+zrad
1+z

)]

−1

.(194)
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Here,zradistheredshiftofequalitybetweenmatterandphotons;1+zrad=1.68(1+zeq)becauseofthe

neutrinocontribution.Atz≪zrad,wethereforehavecS∝
√
1+z.Sinceρ=(1+z)

3
3ΩBH

2
0/(8πG),

thecomovingJeanslengthisconstantat

λJ=
c

H0

(

32π
2

27ΩB(1+zrad)

)

1/2

=50(ΩBh
2
)
−1

Mpc.(195)

Thisisoforderthehorizonsizeatmatter-radiationequality.Smaller-scalefluctuationsinthephoton-
baryonfluidwillnothaveundergonesteadygravitationalgrowth,butwillhaveoscillatedwithtime
asstandingwaves.Wewillseelaterthattheimprintoftheseoscillationsisvisibleinthemicrowave
background.

6.3Theshapeofthematterpowerspectrum

Figure14showsaschematicofhowadensityfluctuationgrowsintheearlyUniverse.Forscales
greaterthanthehorizon,perturbationsinmatterandradiationcangrowtogether,sofluctuations
atearlytimesgrowatthesamerate,independentofwavenumber.Butthisgrowthceasesoncethe
perturbations‘enterthehorizon’–i.e.whenthehorizongrowssufficientlytoexceedtheperturbation
wavelength.Atthispoint,growthceases.Forfluids(baryons)itistheradiationpressurethat
preventstheperturbationsfromcollapsingfurther.Forcollisionlessmattertherapidradiationdriven
expansionpreventstheperturbationfromgrowingagainuntilmatterradiationequality.

Thiseffect(calledtheMészároseffect)iscriticalinshapingthelate-timepowerspectrum
(aswewillshow)astheuniversepreservesa‘snapshot’oftheamplitudeofthemodeathorizon
crossing.Beforethisprocessoperates,inflationpredictsascaleinvariantinitialZeldovichspectrum
wherePi(k)∝k.HowdoestheMészároseffectmodifytheshapeofthisinitialpowerspectrum?

Figure15showsthatthesmallestphysicalscales(largestkscales)willbeaffectedfirstand
experiencethestrongestsuppressiontotheiramplitude.Thelargestphysicalscalefluctuations
(smallestkscales)willbeunaffectedastheywillenterthehorizonaftermatter-radiationequality.
Wecanthereforeseethattherewillbeaturnoverinthepowerspectrumatacharacteristicscale
givenbythehorizonsizeatmatter-radiationequality.

FromFigure14wecanseethatwhenafluctuationentersthehorizonbeforematter-radiation
equalityitsgrowthissuppressedbyf=(aenter/aeq)

2
.Afluctuationkentersthehorizonwhen
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(a)

log()
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Figure14.Aschematicofthesuppressionoffluctuationgrowthduringthe
radiationdominatedphasewhenthedensityperturbationentersthehorizonataenter<
aeq.

DH≃1/k.AsDH=c/aH(a)andH(a)∝a
−2

duringradiationdominationweseethatthe
fluctuationsaresuppressedbyafactorf∝k

−2
andthatthepowerspectrumonlargekscales

followsak
−3

powerlaw.

6.4Transferfunctionsandcharacteristicscales

Theabovediscussioncanbesummedupinthefromofthelineartransferfunctionfordensity
perturbations,wherewefactoroutthelong-wavelengthgrowthlawfromatermthatexpresseshow
growthismodulatedasafunctionofwavenumber:

δ(a)∝g(a)Tk.(196)

73

amplitude grows
with time
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with time
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αk
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−3

k0

Figure15.SchematicofthehowtheMészároseffectmodifiestheinitialpower
spectrum.Notelogscale.

Inprinciple,thereisatransferfunctionforeachconstituentoftheuniverse,andtheseevolvewith
time.Aswehavediscussed,however,thedifferentmatteringredientstendtocometogetheratlate
times,andtheoveralltransferfunctiontendstosomethingthatisthesameforallmattercomponents
andwhichdoesnotchangewithtimeforlowredshifts.Thislate-timetransferfunctionistherefore
animportanttoolforcosmologistswhowanttopredictobservedpropertiesofdensityfieldsinthe
currentuniverse.

Wehavediscussedthemaineffectsthatcontributetotheformofthetransferfunction,but
afullcalculationisatechnicalchallenge.Indetail,wehaveamixtureofmatter(bothcollisionless
darkparticlesandbaryonicplasma)andrelativisticparticles(collisionlessneutrinosandcollisional
photons),whichdoesnotbehaveasasimplefluid.Particularproblemsarecausedbythechangein
thephotoncomponentfrombeingafluidtightlycoupledtothebaryonsbyThomsonscattering,to
beingcollisionlessafterrecombination.AccurateresultsrequireasolutionoftheBoltzmannequation
tofollowtheevolutionofthefullphase-spacedistribution.Thiswasfirstcomputedaccuratelyby
Bond&Szalay(1983),andistodayroutinelyavailableviapublic-domaincodessuchascmbfast.
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Someillustrativeresultsareshowninfigure16.Leavingasidetheisocurvaturemodels,all
adiabaticcaseshaveT→1onlargescales–i.e.thereisgrowthattheuniversalrate(whichissuch
thattheamplitudeofpotentialperturbationsisconstantuntilthevacuumstartstobeimportantat
z<∼1).Thedifferentshapesofthefunctionscanbeunderstoodintuitivelyintermsofafewspecial
lengthscales,asfollows:

Figure16.Aplotoftransferfunctionsforvariousadiabaticmodels,inwhich
Tk→1atsmallk.Anumberofpossiblemattercontentsareillustrated:purebaryons;
pureCDM;pureHDM.Fordark-mattermodels,thecharacteristicwavenumberscales
proportionaltoΩmh

2
,markingthebreakscalecorrespondingtothehorizonlengthat

matter-radiationequality.Thescalingforbaryonicmodelsdoesnotobeythisexactly;
theplottedcasecorrespondstoΩm=1,h=0.5.
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(1)Horizonlengthatmatter-radiationequality.Themainbendvisibleinall
transferfunctionsisduetotheMészároseffect(discussedabove),whicharisesbecausetheuniverse
isradiationdominatedatearlytimes.

Tk≃
{

1kDH(zeq)≪1
[kDH(zeq)]

−2
kDH(zeq)≫1.

(197)

Thisprocesscontinuesuntiltheuniversebecomesmatterdominated.Wethereforeexpecta
characteristic‘break’inthefluctuationspectrumaroundthecomovinghorizonlengthatthistime,
whichwehaveseenisDH(zeq)=16(Ωmh

2
)
−1
Mpc.Sincedistancesincosmologyalwaysscaleas

h
−1
,thismeansthatΩmhshouldbeobservable.

(2)Free-streaminglength.Thisrelativelygentlefilteringawayoftheinitial
fluctuationsisallthatappliestoauniversedominatedbyColdDarkMatter,inwhichrandom
velocitiesarenegligible.ACDMuniversethuscontainsfluctuationsinthedarkmatteronallscales,
andstructureformationproceedsviahierarchicalprocessinwhichnonlinearstructuresgrowvia
mergers.ExamplesofCDMwouldbethermalrelicWIMPswithmassesoforder100GeV,buta
moreinterestingcaseariseswhenthermalrelicshavelowermasses.Forcollisionlessdarkmatter,
perturbationscanbeerasedsimplybyfreestreaming:randomparticlevelocitiescauseblobsto
disperse.Atearlytimes(kT>mc

2
),theparticleswilltravelatc,andsoanyperturbationthat

hasenteredthehorizonwillbedamped.Thisprocessswitchesoffwhentheparticlesbecomenon-
relativistic,sothatperturbationsareeraseduptoproperlengthscalesof≃ct(kT=mc

2
).This

translatestoacomovinghorizonscale(2ct/aduringtheradiationera)atkT=mc
2
of

Lfree−stream=112(m/eV)
−1
Mpc(198)

(indetail,theappropriatefigureforneutrinoswillbesmallerby(4/11)
1/3

sincetheyhaveasmaller
temperaturethanthephotons).Alightneutrino-likerelicthatdecoupleswhileitisrelativistic
satisfies

Ωνh
2
=m/94.1eV(199)

Thus,thedampingscaleforHDM(HotDarkMatter)isoforderthebendscale.Theexistenceof
galaxiesatz≃6tellsusthatthecoherencescalemusthavebeenbelowabout100kpc,sotheDM
massmustexceedabout1keV.

Amoreinteresting(andprobablypracticallyrelevant)caseiswhenthedarkmatterisa
mixtureofhotandcoldcomponents.Thefree-streaminglengthforthehotcomponentcantherefore
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beverylarge,butwithinrangeofobservations.ThedispersalofHDMfluctuationsreducestheCDM
growthrateonallscalesbelowLfree−stream–or,relativetosmallscales,thereisanenhancementin
large-scalepower.

(3)Acoustichorizonlength.Thehorizonatmatter-radiationequalityalsoenters
inthepropertiesofthebaryoncomponent.Sincethesoundspeedisoforderc,thelargestscales
thatcanundergoasingleacousticoscillationareoforderthehorizon.Thetransferfunctionfora
purebaryonuniverseshowslargemodulations,reflectingthenumberofoscillationsthathavebeen
completedbeforetheuniversebecomesmatterdominatedandthepressuresupportdrops.Thelack
ofsuchlargemodulationsinrealdataisoneofthemostgenericreasonsforbelievingincollisionless
darkmatter.Acousticoscillationspersistevenwhenbaryonsaresubdominant,however,andcanbe
detectableaslower-levelmodulationsinthetransferfunction.Wewillsaymoreaboutthislater.

(4)Silkdampinglength.Acousticoscillationsarealsodampedonsmallscales,where
theprocessiscalledSilkdamping:themeanfreepathofphotonsduetoscatteringbytheplasma
isnon-zero,andsoradiationcandiffuseoutofaperturbation,convectingtheplasmawithit.The
typicaldistanceofarandomwalkintermsofthediffusioncoefficientDisx≃

√
Dt,whichgivesa

dampinglengthof

λS≃
√

λDH,(200)

thegeometricmeanofthehorizonsizeandthemeanfreepath.Sinceλ=1/(nσT)=44.3(1+
z)
−3
(Ωbh

2
)
−1

properGpc,weobtainacomovingdampinglengthof

λS=16.3(1+z)
−5/4

(Ω
2
bΩmh

6
)
−1/4

Gpc.(201)

Thisbecomesclosetothehorizonlengthbythetimeoflastscattering,1+z≃1100.Theresulting
dampingeffectcanbeseeninfigure16atk∼10kH.

spectrumnormalizationWenowhaveafullrecipeforspecifyingthematterpowerspectrum:
Historically,thisisdoneinaslightlyawkwardway.Firstsupposewewantedtoconsidersmoothing
thedensityfieldbyconvolutionwithsomewindow.Onesimplecaseistoimagineaveragingwithin
asphereofradiusR.Fortheeffectonthepowerspectrum,weneedtheFouriertransformofthis
filter:

σ
2
(R)=

∫

∆
2
(k)|Wk|

2
dlnk;Wk=

3

(kR)3(sinkR−kRcoskR).(202)
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Unlikethepowerspectrum,σ(R)ismonotonic,andthevalueatanyscaleissufficienttofixthe
normalization.Thetraditionalchoiceistospecifyσ8,correspondingtoR=8h

−1
Mpc.Asafinal

complication,thismeasureisnormallytakentoapplytothermsinthefilteredlinear-theorydensity
field.Thebestcurrentestimateisσ8≃0.8,soclearlynonlinearcorrectionsmatterininterpretingthis
number.Thevirtueofthisconventionisthatitistheneasytocalculatethespectrumnormalization
atanyearlytime.

7Structureformation–II

Theequationsofmotionarenonlinear,andwehaveonlysolvedtheminthelimitoflinear
perturbations.Wenowdiscussevolutionbeyondthelinearregime,firstconsideringthefullnumerical
solutionoftheequationsofmotion,andthenakeyanalyticapproximationbywhichthe‘exact’results
canbeunderstood.

n-bodymodelsTheexactevolutionofthedensityfieldisusuallyperformedbymeansofanN-
bodysimulation,inwhichthedensityfieldisrepresentedbythesumofasetoffictitiousdiscrete
particles.Weneedtosolvetheequationsofmotionforeachparticle,asitmovesinthegravitational
fieldduetoalltheotherparticles.Usingcomovingunitsforlengthandvelocity(v=au),wehave
previouslyseentheequationofmotion

d

dt
u=−2

ȧ

a
u−

1

a2∇∇∇∇∇∇∇∇∇∇∇∇∇Φ,(203)

whereΦistheNewtoniangravitationalpotentialduetodensityperturbations.Thetimederivative
isalreadyintherequiredformoftheconvectivetimederivativeobservedbyaparticle,ratherthan
thepartial∂/∂t.

Inoutline,thisisstraightforwardtosolve,givensomeinitialpositionsandvelocities.Defining
sometimestepdt,particlesaremovedaccordingtodx=udt,andtheirvelocitiesupdatedaccording
todu=u̇dt,withu̇givenbytheequationofmotion(inpractice,moresophisticatedtimeintegration
schemesareused).Thehardpartisfindingthegravitationalforce,sincethisinvolvessummation
over(N−1)otherparticleseachtimeweneedaforceforoneparticle.Allthecraftinthefield
involvesfindingcleverwaysinwhichalltheforcescanbeevaluatedinlessthantherawO(N

2
)

computationspertimestep.Wewillhavetoomitthedetailsofthis,unfortunately,butoneobvious
wayofproceedingistosolvePoisson’sequationonameshusingaFastFourierTransform.Thiscan
converttheO(N

2
)timescalingtoO(NlnN),whichisaqualitativedifferencegiventhatNcanbe

aslargeas10
10
.
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Computinglivesbythe‘garbagein,garbageout’rule,sohowaretheinitialconditionsinthe
simulationset?ThiscanbeunderstoodbythinkingofdensityfluctuationsinLagrangianterms
(alsoknownastheZeldovichapproximation).Thepropercoordinateofagivenparticlecan
bewrittenas

x(t)=a(t)(q+f(q,t)),(204)

whereqistheusualcomovingposition,andthedisplacementfieldf(q,t)tendstozeroatt=0.
Thecomovingpeculiarvelocityisjustthetimederivativeofthisdisplacement:

u=
∂f

∂t
(205)

(partialtimederivativebecauseeachparticleislabelledbyanunchangingvalueofq–thisiswhat
ismeantbyaLagrangiancoordinate).

Byconservationofparticles,thedensityatagiventimeisjusttheJacobiandeterminant
betweenqandx:

ρ/ρ̄=

∣

∣

∣

∣

∂q

∂x/a

∣

∣

∣

∣.(206)

Whenthedisplacementissmall,thisisjust

ρ/ρ̄=1−∇∇∇∇∇∇∇∇∇∇∇∇∇·f(q,t),(207)

sothelineardensityperturbationδisjust(minus)thedivergenceofthedisplacementfield.Allthis
canbehandledquitesimplyifwedefineadisplacementpotential:

f=−∇∇∇∇∇∇∇∇∇∇∇∇∇ψ(q),(208)

fromwhichwehaveδ=∇
2
ψinthelinearregime.Thedisplacementpotentialψistherefore

proportionaltothegravitationalpotential,Φ.TheseequationsareeasilymanipulatedinFourier
space:giventheamplitudesoftheFouriermodes,δk,wecanobtainthepotential

ψk=−δk/k
2
,(209)

79

andhencethedisplacementandvelocity

fk=ikψk

uk=ikψ̇k.
(210)

Thus,giventhedensitypowerspectrumtospecify|δk|andtheassumptionofrandomphases,we
cansetupafieldofconsistentsmalldisplacementsandconsistentvelocities.Theseareappliedtoa
uniformparticle‘load’,andthenintegratedforwardintothenonlinearregime.

Thesenon-lineareffectsboosttheamplitudeofthepowerspectrumatsmallphysicalscales
(largekscales)ascanbeseeninFigure17.Forcosmologicalobservationsweneedtounderstand
thesenon-lineareffectstohighprecision.Thisisoneoftheissuesfacingmoderndaycosmologyand
non-lineareffectscanonlybecalculatedthroughlargescalesuitesofHPCN-bodysimulations.

Figure17.ΛCDMpowerspectrumnormalisedbyσ8=0.9.Thelinearpower
spectrumisshowsolidandthenon-linearpowerspectrumisshowndashedusingthe
fittingformulafromSmithetal.(2003).
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thesphericalmodelN-bodymodelscanyieldevolveddensityfieldsthatarenearlyexact
solutionstotheequationsofmotion,butworkingoutwhattheresultsmeanisthenmoreaquestion
ofdataanalysisthanofdeepinsight.Wherepossible,itisimportanttohaveanalyticmodelsthat
guidetheinterpretationofthenumericalresults.Themostimportantmodelofthissortisthe
sphericaldensityperturbation,whichcanbeanalysedimmediatelyusingthetoolsdevelopedforthe
Friedmannmodels,sinceBirkhoff’stheoremtellsusthatsuchaperturbationbehavesinexactlythe
samewayaspartofacloseduniverse.Theequationsofmotionarethesameasforthescalefactor,
andwecanthereforewritedownthecycloidsolutionimmediately.Foramatter-dominated
universe,therelationbetweentheproperradiusofthesphereandtimeis

r=A(1−cosθ)

t=B(θ−sinθ).
(211)

Itiseasytoeliminateθtoobtainr̈=−GM/r
2
,andtherelationA

3
=GMB

2
(usee.g.

ṙ=(dr/dθ)/((dt/dθ),whichgivesṙ=[A/B]sinθ/[1−cosθ]).Expandingtheserelationsupto
orderθ

5
givesr(t)forsmallt:

r≃
A

2

(

6t

B

)

2/3
[

1−
1

20

(

6t

B

)

2/3
]

,(212)

andwecanidentifythedensityperturbationwithinthesphere:

δ≃
3

20

(

6t

B

)

2/3

.(213)

Thisallagreeswithwhatweknewalready:atearlytimesthesphereexpandswiththea∝t
2/3

Hubbleflowanddensityperturbationsgrowproportionaltoa.

Wecannowseehowlineartheorybreaksdownastheperturbationevolves.Therearethree
interestingepochsinthefinalstagesofitsdevelopment,whichwecanreaddirectlyfromtheabove
solutions.Here,tokeepthingssimple,wecompareonlywithlineartheoryforanΩ=1background.

(1)Turnround.Thespherebreaksawayfromthegeneralexpansionandreachesamaximum
radiusatθ=π,t=πB.Atthispoint,thetruedensityenhancementwithrespecttothe
backgroundisjust[A(6t/B)

2/3
/2]

3
/r

3
=9π

2
/16≃5.55.
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(2)Collapse.Ifonlygravityoperates,thenthespherewillcollapsetoasingularityatθ=2π.

(3)Virialization.Clearly,collapsetoapointishighlyidealized.Considerthetimeatwhich
thespherehascollapsedbyafactor2frommaximumexpansion(θ=3π/2).Atthispoint,
ithaskineticenergyKrelatedtopotentialenergyVbyV=−2K.Thisisthecondition
forequilibrium,accordingtothevirialtheorem.Conventionally,itisassumedthatthis
stablevirializedradiusiseventuallyachievedonlyatthecollapsetime,atwhichpointthe
densitycontrastisρ/ρ̄=(6π)

2
/2≃178andδlin≃1.686.

Thesecalculationsarethebasisforacommon‘ruleofthumb’,wherebyoneassumesthatlinear
theoryappliesuntilδlinisequaltosomeδcalittlegreaterthanunity,atwhichpointvirialization
isdeemedtohaveoccurred.AlthoughtheaboveonlyappliesforΩ=1,analogousresultscanbe
workedoutfromthefullδlin(z,Ω)andt(z,Ω)relations.Theseindicatethatδlin≃1isagood
criterionforcollapseforanyvalueofΩlikelytobeofpracticalrelevance.Thedensitycontrastat
virializationtendstobehigherinlow-densityuniverses,wherethefasterexpansionmeansthat,by
thetimeaperturbationhasturnedroundandcollapsedtoitsfinalradius,alargerdensitycontrast
hasbeenproduced.Forrealnon-sphericalsystems,itisnotclearthatthiseffectismeaningful,and
inpracticeafixeddensitycontrastofaround200isusedtodefinethevirialradiusthatmarks
theboundaryofanobject.

press–schechterandthehalomassfunctionN-bodymodelscanyieldevolvedden-
sityfieldsthatarenearlyexactsolutionstotheequationsofmotion,butworkingoutwhattheresults
meanisthenmoreaquestionofdataanalysisthanofdeepinsight.Wherepossible,itisimportant
tohaveanalyticmodelsthatguidetheinterpretationofthenumericalresults.Press&Schechter
(1974)isakeyexampleofatheorywhichproducesresultsthatonlyslightlydifferfromfullnumerical
simulations.

Press-Schechtertheoryassumesthatifwesmooththelineardensityperturbationsonsome
massscaleM,thenthefractionofspaceinwhichthesmootheddensityfieldexceedssomecritical
thresholdδc(thecriticaloverdensityforcollapse)isincollapsedobjectsofmassgreaterthan
M.IfthedensityfieldisGaussian,theprobabilitythatagivenpointliesinaregionwithδ>δcis

p(δ>δc|R)=
1

√
2πσ(R)

∫

∞

δc

exp
(

−δ
2
/2σ

2
(R)

)

dδ,(214)

whereσ(R)isthelinearrmsinthefilteredversionofδ.ThePSargumentnowtakesthisprobability
tobeproportionaltotheprobabilitythatagivenpointhaseverbeenpartofacollapsedobjectof
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scale>R.Thisisreallyassumingthattheonlyobjectsthatexistatagivenepocharethosethat
haveonlyjustreachedtheδ=δccollapsethreshold;ifapointhasδ>δcforagivenR,thenitwill
haveδ=δcwhenfilteredonsomelargerscaleandwillbecountedasanobjectofthelargerscale.
Theproblemwiththisargumentisthathalfthemassremainsunaccountedfor:PSthereforesimply
multiplyingtheprobabilitybyafactor2.Thisfudgecanbegivensomejustification,butwejust
acceptitfornow.Thefractionoftheuniversecondensedintoobjectswithmass>Mcanthenbe
writtenintheuniversalform

F(>M)=

√

2

π

∫

∞

νc

exp(−ν
2
/2)dν,(215)

whereνc=δc/σ(M)isthethresholdinunitsofthermsdensityfluctuationandMisthemass
containedinasphereofcomovingradiusRinahomogeneousuniverse

M=
4π

3
ρ̄R

3
.(216)

Thisisthelinear-theoryview,beforetheobjecthascollapsed.Wedefinethemassfunctionf(M)
wheref(M)dMisthecomovingnumberdensityofobjectsintherangedM.Theprobabilityofa
pointinspaceformingasmassbetweenMandM+dMisdF/dM,therefore;

Mf(M)/ρ0=|dF/dM|,(217)

whereρ0isthetotalcomovingdensity.Wecanwritethisresultintermsofthemultiplicity
function,M

2
f(M)/ρ0,

M
2
f(M)

ρ0
=

dF

dlnM
=

∣

∣

∣

∣

dlnσ

dlnM

∣

∣

∣

∣

√

2

π
νexp

(

−
ν

2

2

)

.(218)

whichisthefractionofthemasscarriedbyobjectsinaunitrangeoflnM.

Remarkably,giventhedubiousassumptions,thisexpressionmatchesverywelltowhatis
foundindirectN-bodycalculations,whentheseareanalysedinordertopickoutcandidatehaloes:
connectedgroupsofparticleswithdensityabout200timesthemean.ThePSformisimperfectin
detail,buttheideaofamassfunctionthatisuniversalintermsofνseemstohold,andagood
approximationis

F(>ν)=(1+aν
b
)
−1
exp(−cν

2
),(219)
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where(a,b,c)=(1.529,0.704,0.412).Empirically,onecanuseδc=1.686independentofthedensity
parameter(seeSection15.8inPeacock1999forthesphericalmodelargumentforthevalueofδc).A
plotofthemassfunctionaccordingtothisprescriptionisgiveninfigure18,assumingwhatwebelieve
tobethebestvaluesforthecosmologicalparameters.ThisshowsthatthePress-Schechterformula
capturesthemainfeaturesoftheevolution,eventhoughitisinaccurateindetail.Weseethatthe
richestclustersofgalaxies,withM≃10

15
h
−1
M⊙,arejustcomingintoexistencenow,whereasat

z=5evenahalowiththemassoftheMilkyWay,M≃10
12
h
−1
M⊙wassimilarlyrare.Itcanbe

seenthattheabundanceoflow-masshaloesdeclineswithredshift,reflectingtheirdestructioninthe
mergingprocessesthatbuildupthelargehaloes.

Figure18.Themassfunctionintheformofthemultiplicityfunction:
fractionofmassintheuniversefoundinvirializedhaloesperunitrangeinlnM.The
solidlinesshowafittingformulatoN-bodydataandthedashedlinescontrastthe
originalPress-Schechterformula.

84



8GravitationalLensing

Gravitationallensingisthephenomenonwherebyarayoflightexperiencesacurvatureofitspath,
whenpassingthroughagravitationalfieldfromnearbymassconcentrations.Thiscanberigorously
describedfromEinstein’stheoryofrelativity,wherebythelightpropagatesalongnullgeodesics,as
describedbytheperturbedspacetimeRobertson-Walkermetric.Inmostastrophysicalsituations
howeveramoresimpleapproximatedescription,calledgravitationallenstheory,ispermitted.In
thischapterwewillderivesomeofthebasicsofgravitationallenstheory,whichwewillthenbuild
uponintheweaklensingregime.

8.1TheLensequation

Figure19sketchesatypicalgravitationallensingsystemwherethethinlensatdistanceDdfromthe
observer,perturbsthepathofalightrayfromaluminoussourceatdistanceDsfromtheobserver,
wherethedistancebetweenthelensplaneandsourceplaneisDds,andalldistancesareangular
diameterdistances.Intheabsenceofthelens,theobserverwouldseethesourceatpositionβββ.
Instead,thelensdeflectionbyangleα̂̂α̂α,causestheobservertoseethesourceimageatpositionθθθ,
whereallangles,intypicallensingsituations,areverysmall.Fromfigure19wesee

θθθDs=βββDs+α̂̂α̂αDds.(220)

Definingthereduceddeflectionangleααα=α̂̂α̂αDds/Ds,thelensequationisgivenby

βββ=θθθ−ααα.(221)

thedeflectionangleαandlensingpotentialψThedeflectionanglecanbedeter-
minedbyconsideringthelineintegralofthegravitationalaccelerationperpendiculartothelight
patha⊥.

α̂̂α̂α=
2
c
2

∫

a⊥dl,(222)

85

Observer

Lens plane

Source plane

θ�

β�

ξ�

α
^

η�

Dds

Dd

Ds

Figure19.Sketchofagravitationallensingsystem,takenfromBartelmann&
Schneider2001.

whereaccelerationiscausedbythegravitationalpotentialofthelensΦsuchthata⊥=∇ξΦ,and
hence

α̂̂α̂α=
2
c
2

∫

∇ξΦdl.(223)
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Wecandefinealensingpotentialsuchthat

θθθ−βββ=∇θψ(θθθ)(224)

Notingthatξξξ=Ddθθθthelensingpotentialcanbetherelatedtothegravitationalpotential;

ψ=
Dds

DdDs

2
c
2

∫

Φ(ξξξ,l)dl.(225)

apointmasslensandthebornapproximationFromEinstein’stheoryofGeneral
Relativity,itcanbeshownthatalightraypassingwithindistanceξofapointlensofmassM,
isdeflectedbyanangleα̂givenby

α̂=
4GM
c
2

ξ,(226)

forimpactparametersξ≫RS≡2GMc
−2
.Foramassdistributionρ(r),ifthegravitationalfieldis

weak,thenwecanapproximatethedeflectionangleproducedbythetotalmassdistribution,asthe
sumofdeflectionanglesproducedbyaseriesofpointmasses.Wecandivideourmassdistribution
incellsofvolumedV,witheachcellactingasapointmasslens,withmassdm=ρ(r)dV.Alight
raypropagatingalongthelineofsight(l)withposition(ξξξ,l)whereξξξisatwodimensionalvector
inthelensplane,isallowedtopassthroughthemassdistribution.Atthemasselementdmwith
position(ξξξ

′
,l
′
),thelightrayhasimpactparameterξ−ξ ξ−ξ ξ−ξ

′
,ifweassumethatthedeflectedlightray

canbeapproximatedasastraightlineintheneighborhoodofthedeflectingmass.Thisassumption
correspondstotheBornapproximationinatomicandnuclearphysicsandisvalidaslongasthe
deviationoftheactuallightrayfromastraightlinewithinthemassdistributionissmallcompared
tothescaleonwhichthemassdistributionchangessignificantly

Thetotaldeflectionangleisthesumofeachsmalldeflection

α̂̂α̂α(ξξξ)=
4G
c
2

∫

d
2
ξ
′

∫

dl
′
ρ(ξ

′
1,ξ

′
2,l
′
)
ξξξ−ξξξ

′

|ξξξ−ξξξ
′
|
2.(227)

Definingthesurfacemassdensityofthelensplane

Σ(ξξξ)≡
∫

dlρ(ξ1,ξ2,l),(228)
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wefindthetwodimensionalvectorofthedeflectionangle

α̂̂α̂α(ξξξ)=
4G
c
2

∫

d
2
ξ
′
Σ(ξξξ

′
)
ξξξ−ξ′ ξ′ ξ′

|ξξξ−ξξξ
′
|
2.(229)

theaxiallysymmetriclensInthespecialcaseofaaxiallysymmetriclenscharacterized
byΣ(ξξξ)=Σ(|ξξξ|),wecanchoosetheoriginasthecentreofsymmetry.Thedeflectionangleisthen
collineartoξξξandoneobtains

α̂αα(ξξξ)=ξξξ
|ξξξ|

2

4G
c
22π

∫

dξ
′
ξ
′
Σ(ξ

′
).(230)

Foraconstantsurfacemassdensity,andrewritingintermsofthereduceddeflectionangleandthe
lensparameters,ξξξ=Ddθθθ

ααα(θθθ)=
Σ

Σcrθθθ,(231)

whereΣcristhecriticalsurfacemassdensityofthelensdefinedtobe

Σcr=
c
2

4πG
Ds

DdDds.(232)

ForΣ=Σcr,α=θ,andweseeanEinsteinring.

generalcaseForamoregeneralcasewenowdefinethedimensionlesssurfacemassdensity,
orconvergenceκ,

κ(θθθ)=
Σ(Ddθθθ)

Σcr.(233)

Amassdistributionwhichhasκ≥1atsomeθθθ,willproducemultipleimagesforsomesource
positions,asweobserveincasesofstronggravitationallensing.κthereforedistinguishesbetween
thestronglensingregime(κ≥1)andweaklensingregime(κ≪1).
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TheLaplacianofthelensingpotentialisdirectlyrelatedtotheconvergenceofthelensusing
Poisson’sequation∇

2
ξΦ=4πGρ(ξξξ,z)suchthat

∇
2
θψ=

DdDds

Ds

2
c
2

∫

∇
2
ξΦ=2κκκ(θθθ).(234)

8.2MagnificationandDistortion

Liouville’stheorem,inbasicterms,saysthatourlensedphotonbundlesevolveinthesamewayin
time,andwillthereforehaveadensitythatdoesnotchangewithtime.Thiscombinedwiththe
absenceofanyphotonemissionorabsorptionprocessingravitationallensingimpliesthatlensing
conservessurfacebrightness.Thereforeifgravitationallensingincreasestheareaofanimagewewill
seemagnificationµwhere

µ=
imagearea
sourcearea=

δθ
2

δβ
2,(235)

foranelementofsourceδβ
2
mappedontoanareaofimageδθ

2
.Notethatlensingeffectivelyfocuses

thelightfromasource.Foralensedsourcewereceivephotonsthatwewouldhavedetectedinthe
absenceofthelens,plusadditionalphotonsonpreviouslynearbytrajectoriesthatarenowbentinto
thedetectorbythelens.

Ifthesourceismuchsmallerthantheangularscaleonwhichthelenspropertieschange,then
thelensmappingisdescribedbythelensingJacobian

Aij=

(

∂(βi)

∂(θj)

)

ij

=δij−
∂

2
ψ

∂θi∂θj
.(236)

Thiscanbere-expressedintermsoftheconvergenceandcomponentsoftheshear,bydefining

κ≡(ψ11+ψ22)/2

γ1≡(ψ11−ψ22)/2

γ2≡ψ12,

(237)

89

sothat

Aij=

(

1−γ1−κ−γ2

−γ21+γ−κ

)

.(238)

ThemagnificationisthengivenbythedeterminantoftheinverseofA,

µ=
1

(1−κ)
2
−γ

2.(239)

Forafluxlimitedgalaxysample,magnificationfromtheeffectofweakgravitationallensingbylarge
scalestructure,willincreasethenumberdensityofgalaxyimages.

Wewillnowdefinethereducedshearg=γ/(1−κ)suchthat

A=(1−κ)
(

1−g1−g2
−g21+g1

)

,(240)

showingtheconvergenceκonlyeffectsthesizeoftheimageandhenceitsmagnification,whereas
theshearisresponsibleforimagedistortionseffectingtheshapeorellipticityoftheimage.

8.3StrongLensing

Inthecaseofstronggravitationallensing(κ>1)backgroundgalaxiesappearmultiplyimagedand
stronglydistortedwithsomeimagesmagnifiedandothersde-magnified.Wedefinecriticalcurvesin
thelensplane(β)alongwhichimagesexperiencemaximalmagnification.Thesecriticalcurvescan
bemappedontocausticsinthesourceplanewhichdividethesourceplaneintoregionsofdifferent
multiplicity(seeFigure20).Whenasourcepositioncrossesacausticapairofimagesnearthe
criticalcurveiseithercreatedordestroyed.
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Figure20.Theimagesformedbythreesourcesonthesourceplanedueto
gravitationallensing.Weseethatthenumberofimagesformedbyasourcedepends
onitspositionrelativetothecausticcurves(blue).Theorangesourceliesoutsidethe
causticandsoproducesonlyoneimage.Thebluesourceliesinsidetheradialcaustic
(dashedblueline),producingthreeimages,twoofwhicharedistortedintheradial
direction.Duetotheradialsymmetryofthelens,weseethatthetangentialcritical
curve(solidred)mapsbacktoasingledegeneratepoint.Thelimegreensourcecloseto
thetangentialcausticpointformsthreeimages,twoofwhicharestretchedtangentially
andoneisacentraldemagnifiedimage.Takenfromwww.icosmo.org.

tangentialcurvesWecandeterminecriticalcurvesinthelensplanewherethemagnification
µ→∞(i.e.wheredet(A)→0).Asourcegalaxypositionedonatangentialcriticalcurvewill
becomedistortedtangentiallyintoagiantarccharacterisedbytheconditionκ̄=1.Theradiusof
thisarciscalledtheEinsteinradiusθE

θE=
(

4M(<θE)

c
2

Dds

DsDd

)

1/2

≈0.9
′′
(

M(<θE)

10
12

M⊙

)

1/2
(

Dds1Gpc
DsDd

)

1/2

(241)

Thisimpliesthatifyouobserveatangentialarcyoucanimmediatelydeterminethemassofthe
enclosedlens.

Whataboutlensmassatradiiθ>θE?Consideranannuluslensandapointwithinthe
annulus.Thedeflectionanglefromoppositesidesoftheannulusareequalandopposite.Hencea
lensedsourceisonlyeffectedbylensmasswithintheimpactradius.Stronglensingcantherefore
onlytellusaboutthemassenclosedinthedensestregionsofthelensthatexhibitstronglensing
features.Wethereforeneedresorttoweaklensingtomeasurethetotalmassofalens.
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8.4Observingweaklensing

ConsideranisolatedgalaxywithsurfacebrightnessI(θθθ).Wecandefineitsshapethroughthe
quadrupolemomentofthelightdistribution,

Qij=

∫

d
2
θI(θθθ)θiθj

∫

d
2
θI(θθθ)

(242)

andanellipticityfromitsaxialratioβandorientationφ,

(

e1
e2

)

=
1−β
1+β

(

cos2φ
sin2φ

)

=
1
N

(

Q11−Q22

2Q12

)

(243)

ForaperfectellipsewehavewrittentheellipticityintermsofQijwhereN=Q11+Q22+2(Q11Q22−
Q

2
12)

1/2
.Figure21showstheseellipticityparametersforaseriesofellipses.

Howistheellipticityofthegalaxythatweobserverelatedtoitsintrinsicellipticitybeforeit
waslensed?ForthisweusetheJacobiantotransformtheimagequadrupolemoments,

Q
s
ij=AilQlmAmj.(244)

andcalculatetheintrinsicellipticityofthesourcee
s
intermsoftheobservedellipticityeandthe

reducedshearg.Intheweakgravitationallensinglimit(κ<<1)Schneider&Seitz(1995)show
that,

e
s
=e−g.(245)

Thiswonderfullysimplerelationshipmeansthatifallsourceswerecircular(e
s
=0)ameasureof

thelensedgalaxyellipticitydirectlyrecoversthegravitationalsheargandhencetheunderlying
gravitationalpotential.Inpracticegalaxieshaveaintrinsicshape,butaveragedovermanygalaxies
<e

s
>=0.Wecanthereforedeterminegbymeasuringtheaverageellipticityofalargesampleof

galaxies.
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Figure21.Ellipticityparametersforaseriesofellipses

8.5TheSimpleIsothermalSphereModel

Amodelthatisoftenusedtodescribethedensityofdarkmatterhaloesisthesimpleisothermal
sphere(SIS);

ρ(r)=
σ

2
v

2πGr
2(246)

whereσvisthevelocitydispersionofthehalo.Thisprofileproducesflatrotationcurvesbutissingular
(asr→∞,ρ→∞).Itisthereforeusualtoalsoincludeatruncationradiuswhereρ(>rT)=0.
WhatlensingeffectstoweexpecttoobservearoundaSIS?
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Firstwecalculatetheprojectedsurfacemassdensity,settingourco-ordinateoriginatthe
centreoftheSIShalo.

Σ(ξ)=

∫

∞

−∞

dlρ(
√

ξ2+l2)=σ
2
v

2Gξ(247)

Theconvergenceisthen

κ=
Σ

Σcr=
2σ

2
vπ

θc
2

Dds

Ds(248)

andtheshear

γ=κ̄−κ=
2πσ

2
v

c
2

Dds

Dsθ(249)

Foratypicalspiralgalaxyhalothelensingshearisveryweakγ∼0.005.Comparethistothe
intrinsicgalaxyellipticitywhichhasadistribution<e

2
>∼0.3.Thisweaklyinduceddistortion

isthereforeverydifficulttomeasureandcanonlybemeasuredstatisticallybystackingthelensing
signalaroundmanythousandsofhalos.

8.6WeaklensingbyLargeScaleStructure

Uptothispointwehavefocusedonextendedbutdiscretelenssystems:thestronglensingcluster,
theweaklensinggalaxyhalo.Oneofthegreatpromisesofweaklensingasatoolforcosmology
istheabilitymapouttheextendedlargescalestructureoftheUniverse.Lensingisuniqueinthis
respectasitissensitivetoallmatterirrespectiveofitsstateornature.Whilstthederivationof
thelenstheoryforlargescalestructuredifferssomewhatfromourderivationsthusfar(wecanno
longerassumethatthedeflectionoflightraysissmallcomparedtothescaleonwhichthelensmass
distributionchanges),thefundamentalresultsremainunchangedandwewillusethem.Forafull
derivationseeBartelmann&Schneider(2001).

cosmologicalparametersWeaklensinggivesusanunbiasedmeasurementofthematter
distributionandhencetheunderlyingmatterpowerspectrum.Wecanthereforeuseittoconstrain
cosmologicalparametersanditisparticularlysensitivetoacombinationofthematterdensityΩm

andthenormalisationofthematterpowerspectrumσ8.Thisisbecauselensingissensitivetoboth
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mass(Ωm)anditsdistribution(σ8).Strongerclusteringresultsinahigherfractionofregionswith
strongshear.Toconstraincosmologicalparameterswetypicallyuse2ptstatistics.We’llfocuson
the2ptshearcorrelationfunctionξwhichcanbeestimatedfromthedatausing

E[ξ]=
2∑

α=1

∑

pairs
eα(xxx)eα(xxx+θθθ)
Npairs.(250)

Figure22showsthemostrecentmeasurementofthisstatisticfromtheCanada-France-Hawaii
TelescopeLegacySurvey.Onsmallangularscalesweseegalaxyshapesareverycorrelated(their
lighthasbeendistortedbythesameinterveningmatter).Onlargeangularscalesthecorrelation
weakensasthegalaxiesarelensedbydifferentstructuresthatareonlyweaklycorrelated.
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Figure22.The2ptcorrelationfunctionmeasuredfromtheCFHTLSsurvey.
FiguretakenfromFuetal(2008).Inred,themeasuredsignal.Inblack(open),an
estimateofthesystematicerrors.
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Itcanbeshown(butwewon’taskyoutoshowit)thatthe2ptshearcorrelationfunctionis
relatedtothematterpowerspectrum

ξ(θ)=
1
2π

∫

dkkPκ(k)J0(kθ),(251)

whereJ0isthezerothorderBesselfunctionandPκisthepowerspectrumoftheconvergence,

Pκ(l)=
9H

4
0Ω

2
m

4c
4

∫

wH

0

dw
g
2
(w)

a
2
(w)Pδ

(

l
fK(w),w

)

,(252)

Pδisthe3Dmatterpowerspectrum,fK(w)isthecomovingangulardiameterdistanceouttoa
radialdistancew,andg(w)isaweightingfunctionthatdependsontheredshiftdistributionofthe
survey(Bartelmann&Schneider2001).

Ameasurementofthecorrelationbetweengalaxyellipticitiescanthereforebedirectlyrelated
totheunderlyingmatterpowerspectrum!Figure23showsthecosmologicalconstraintsfromthis
datasetcomparedtoconstraintsfromtheCMB.

darkenergyandmodifiedgravityWehaveshownthatweaklensingcanprobedark
matterbutwhataboutdarkenergy?Darkenergyactstoopposetheclusteringofdarkmatterover
time,suppressingthegrowthofstructure.Inadditiondarkenergychangesthedistance-redshift
relation.Lensingissensitivetoboththeseeffectsandinthefuturewillbeabletosetverytight
constraintsonthepropertiesofdarkenergy.Theothermainprobesofdarkenergyaresupernovae
orbaryonacousticoscillations.Theseprobesareonlysensitivetothedistance-redshiftrelationand
cannotdistinguishbetweenthecosmologicalconstantoramodificationtoourtheoriesofgravity.
Ifwefindthattheconstraintsfromlensing(basedonGR)areindisagreementwiththosefrom
distance-redshiftprobesthiswouldbeevidenceforanewbeyond-Einsteinmodelofgravity.

systematicsAshortandfinalwordonsystematics.Thetheoryofweaklensingisvery
elegantandprovidesadirectroutefromanobservable(galaxyshape)totheunderlyingmatter
powerspectrum.Itisthereforetoutedasthemostpromisingprobeofthe“DarkUniverse”.
Theobservationalmeasurementhoweverisverynon-trivial.Itrequiresexquisiteknowledgeofthe
telescope,opticsandatmosphericconditionsandnovel,fastcomputationaltechniquestoextract
shapeinformation,athighaccuracy,forthousandsuponthousandsofgalaxies.Further,inallour
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Figure23.ConstraintsonthematterdensityparameterΩmandthenormalisation
ofthematterpowerspectrumσ8fromweaklensing(CFHTLSsurvey,blue),andthe
CMB(WMAP,green),withjointconstraints(yellow).FiguretakenfromFuetal
(2008).

derivationswehaveassumedthatgalaxieshaverandomorientation-i.eanyalignmentweseecomes
exclusivelyfromthelensingdistortion.Thishasbeenshownnottobethecaseasneighboringgalaxies
haveaweaktendencytoalign.Currentresearchfocusesonensuringthesesourcesofsystematics
canbeminimisedandaccountedforinpreparationforthenextgenerationoflensingtelescopesthat
arebeingbuiltto“observe”theDarkUniverse.
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9CMBanisotropies–I

Sofar,wehaveconcentratedondescribingperturbationsinthematterdensity,andwillgoonto
discusswaysinwhichthesemaybeobserved.Butfirst,weshouldputinplacethecorresponding
machineryforthefluctuationsintheradiationdensity.Thesecanbeobserveddirectlyintermsof
fluctuationsinthetemperatureoftheCMB,whichrelatetothedensityfluctuationfieldatz≃1100.
Wethereforehavethechancetoobservebothcurrentcosmicstructureanditsearlyseeds.By
puttingthetwotogetherandrequiringconsistency,thecosmologicalmodelcanbepinneddownwith
amazingprecision.

9.1Anisotropymechanisms

Fluctuationsinthe2Dtemperatureperturbationfieldaretreatedsimilarlytodensityfluctuations,
exceptthatthefieldisexpandedinsphericalharmonics,somodesofdifferentscalesarelabelledby
multipolenumber,ℓ:

δT

T
(q̂)=

∑

a
m
ℓYℓm(q̂),(253)

whereq̂isaunitvectorthatspecifiesdirectiononthesky.Thesphericalharmonicssatisfythe
orthonormalityrelation

∫

YℓmY
∗
ℓ′m′d

2
q=δℓℓ′δmm′,sothevarianceintemperatureaveragedoverthe

skyis

〈

(

δT

T

)

2
〉

=
1

4π

∑

ℓ,m

|a
m
ℓ|

2
=

1

4π

∑

ℓ

(2ℓ+1)Cℓ(254)

Thesphericalharmonicsarefamiliarastheeigenfunctionsoftheangularpartof∇
2
,andthereare

2ℓ+1modesofgivenℓ,hencethenotationfortheangularpowerspectrum,Cℓ.Forℓ≫1,the
sphericalharmonicsbecomeequivalenttoFouriermodes,inwhichtheangularwavenumberisℓ;
thereforeonecanassociatea‘wavelength’2π/ℓwitheachmode.

Onceagain,itiscommontodefinea‘powerperoctave’measureforthetemperature
fluctuations:

T
2
(ℓ)=ℓ(ℓ+1)Cℓ/2π(255)
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(althoughshouldn’tℓ(ℓ+1)beℓ(ℓ+1/2)?–seelater).NotethatT
2
(ℓ)isapowerperlnℓ;the

moderntrendisoftentoplotCMBfluctuationswithalinearscaleforℓ–inwhichcaseoneshould
reallyuseT

2
(ℓ)/ℓ.

WenowlistthemechanismsthatcauseprimaryanisotropiesintheCMB(asopposed
tosecondaryanisotropies,whicharegeneratedbyscatteringalongthelineofsight).There
arethreebasicprimaryeffects,illustratedinfigure24,whichareimportantonrespectivelylarge,
intermediateandsmallangularscales:
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Figure24.IllustratingthephysicalmechanismsthatcauseCMBanisotropies.
Theshadedarcontherightrepresentsthelast-scatteringshell;aninhomogeneityon
thisshellaffectstheCMBthroughitspotential,adiabaticandDopplerperturbations.
Furtherperturbationsareaddedalongthelineofsightbytime-varyingpotentials
(Rees–Sciamaeffect)andbyelectronscatteringfromhotgas(Sunyaev–Zeldovich
effect).ThedensityfieldatlastscatteringcanbeFourieranalysedintomodesof
wavevectork.Thesespatialperturbationmodeshaveacontributionthatisingeneral
dampedbyaveragingovertheshelloflastscattering.Short-wavelengthmodesare
moreheavilyaffected(i)becausemoreofthemfitinsidethescatteringshell,and(ii)
becausetheirwavevectorspointmorenearlyradiallyforagivenprojectedwavelength.

99

(1)Gravitational(Sachs–Wolfe)perturbations.Photonsfromhigh-densityregionsatlastscattering
havetoclimboutofpotentialwells,andarethusredshifted:

δT

T
=
1

3
(Φ/c

2
).(256)

Thefactor1/3isasurprise,whicharisesbecauseΦhastwoeffects:(i)itredshiftsthephotons
wesee,sothatanoverdensitycoolsthebackgroundasthephotonsclimbout,δT/T=Φ/c

2
;(ii)

itcausestimedilationatthelast-scatteringsurface,sothatweseemtobelookingatayounger
(andhencehotter)universewherethereisanoverdensity.Thetimedilationisδt/t=Φ/c

2
;since

thetimedependenceofthescalefactorisa∝t
2/3

andT∝1/a,thisproducesthecounterterm
δT/T=−(2/3)Φ/c

2
.

(2)Intrinsic(adiabatic)perturbations.Inhigh-densityregions,thecouplingofmatterandradiation
cancompresstheradiationalso,givingahighertemperature:

δT

T
=
δ(zLS)

3
,(257)

(3)Velocity(Doppler)perturbations.Theplasmahasanon-zerovelocityatrecombination,which
leadstoDopplershiftsinfrequencyandhencebrightnesstemperature:

δT

T
=
δv·r̂
c

.(258)

Totheabovelistshouldbeadded‘tensormodes’:anisotropiesduetoabackgroundof
primordialgravitationalwaves,potentiallygeneratedduringaninflationaryera(seebelow).

Thereareinadditioneffectsgeneratedalongthelineofsight.Oneimportanteffectisthe
integratedSachs-Wolfeeffect(ISWeffect),whichariseswhenthepotentialperturbationsevolve:

δT

T
=

1

c2

∫

Ψ̇+Φ̇dt.(259)

IntheusualΨ=Φlimit,thisistwiceaslargeasonemighthaveexpectedfromNewtonianintuition.
Thisfactor2thushasanoriginthatissimilartothefactor2forrelativisticlightdeflection(where
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theone-lineargumentisthatthegravitationalpotentialmodifiesboththetimeandspacepartsof
themetric,andeachcontributeequallytotheeffectivechangeinthecoordinatespeedoflight).But
theISWeffectisalittlemoresubtle,andweshalljustaccepttheresultasintuitivelyplausible.As
wehaveseen,thepotentialΦstaysconstantinthelinearregimeduringthematter-dominatedera,as
longasΩm≃1,sothesourcetermfortheISWeffectvanishesformuchoftheuniverse’shistory.The
ISWeffectthenbecomesonlyimportantquiteneartothelastscatteringredshift(becauseradiation
isstillimportant)andallowz(becauseofΛ).

Otherforegroundeffectsaretodowiththedevelopmentofnonlinearstructure,andaremainly
onsmallscales(principallytheSunyaev–ZeldovicheffectfromIGMComptonization).Theexception
istheeffectofreionization;toagoodapproximation,thismerelydampsthefluctuationsonallscales:

δT

T→
δT

T
exp−τ,(260)

wheretheopticaldepthmustexceedτ≃0.04,basedonthehighest-redshiftquasarsandtheBBN
baryondensity.Aswewillseelater,CMBpolarizationdatahavedetectedasignatureconsistent
withτ=0.1±0.03,implyingreionizationatz≃10.

9.2Powerspectrum

WenowneedtoseehowtheangularpowerspectrumoftheCMBarisesfromtheimplementationof
theseeffects.Thephysicalseparationwehavemadeisusefulforinsight,althoughitisnotexactly
howthingsarecalculatedinpractice.Wehavenotbeenabletospendtimegoingintothedetailed
formalismusedonCMBanisotropies,andthedetailswillhavetobeomittedhere–althoughthe
actualequationstobeintegratedarenotenormouslycomplicated.Forthepresentpurpose,wewill
makeafewcommentsaboutwhytheexactapproachiscomplicated,andthenretreattoasimpler
approximatetreatment.

ThenaturalapproachistostartinFourierspaceandconsideradensityfluctuationofgiven
wavevectork;ifwecanworkouthowthisappearsasaninducedtemperaturefluctuationonthe
CMBsky,thentheproblemcanbesolvedbysuperposition.Thewavevectorksetsanaturalpolar
axis,andthetemperatureanisotropycorrespondstoknowingthephotonphase-spacedistributionat
ourlocationinspace(i.e.thedistributionofthephotonsinenergyandasafunctionofanglewith
respecttok).Evolvingthisfunctionishardprincipallybecauseofthecouplingbetweenradiation
andmatter,whichisbyThomsonscattering.Scatteringabeamofphotonsthatcomefroma
givendirectionwilltendtopushtheelectronintheoppositedirection,soanettforcerequiresan
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anisotropicthephotondistribution.Infact,itisclearthattheforcemustbeproportionaltothe
dipolemomentofthedistributionfunction,andthisisobviouslyaproblem:itcouplestheevolution
ofthenumberofphotonstravellingatagivendirectionwithaknowledgeofthewholedistribution.
Mathematically,wehaveanintegro-differentialequation.

Inpractice,ratherthantryingtosolvenumericallyforthephotondistributionfunction
(normallydenotedbyΘ),wecancarryoutamultipoletransformtoworkwithΘℓ.Theintegro-
differentialequationthenbecomesasetofequationsthatcoupledifferentℓvalues.Thesehaveto
besolvedasalargesetofequations(wewillseethattheCMBpowerspectrumcontainssignalat
leasttoℓ>∼1000),andwhenthisisdonewestillhavetointegrateoverkspace.Ittookmany
yearstosolvethisnumericalchallenge,andeventhenthecomputationswereveryslow.Buta
keyeventincosmologywasthe1996releaseofCMBFAST,apublicBoltzmanncodethatallowed
computationoftheCMBangularpowerspectrumsufficientlyrapidlythatalargerangeofmodels
couldbeinvestigatedbynon-specialists.

tight-couplingprojectionapproachAnalternativeapproximatemethodistoimagine
thatthetemperatureanisotropiesexistasa3Dspatialfield.Thelast-scatteringsurfacecanbe
envisagedasaslicethroughthisfield,sotheangularpropertiesarereallyjustaquestionof
understandingtheprojectionthatisinvolved.Thisworksreasonablywellinthetightcoupling
limitwherephotonsandbaryonsareasinglefluid–butthisisofcoursebreakingdownatlast
scattering,wherethephotonmeanfreepathisbecominglarge.

Theprojectioniseasilyperformedintheflat-skyapproximation,whereweignorethe
curvatureofthecelestialsphere.Theangularwavenumberisthenjustℓ=KDH,whereDHisthe
distancetothelast-scatteringsurfaceandKisa2Dtransversephysicalwavenumber(K

2
=k

2
x+k

2
y).

Therelationbetween3Dand2Dpowerspectraiseasilyderived:wejustaddupthepoweralongthe
unusedaxis,kz:

P2D(kx,ky)=
∑

kz

P3D(kx,ky,kz)=
L

2π

∫

∞

−∞

P3D(k)dkz.(261)

Intermsofdimensionlesspower,thisis

∆
2
2D(K)=

(

L

2π

)

2

2πK
2
P2D(K)=K

2

∫

∞

0

∆
2
3D(k)dkz/k

3
,(262)
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wherek
2
=K

2
+k

2
z.The2Dspectrumisthusasmearedversionofthe3Done,buttherelationis

pleasinglysimpleforascale-invariantspectruminwhich∆
2
3D(k)isaconstant:

∆
2
2D(K)=∆

2
3D.(263)

TheimportantapplicationofthisistotheSachs-Wolfeeffect,wherethe3Ddimensionlessspectrum
ofinterestisthatofthepotential,∆

2
Φ=δ

2
H.ThisshowsthattheangularspectrumoftheCMB

shouldhaveaflatportionatlowℓthatmeasuresdirectlythemetricfluctuations.

ThisisthesignaturethatformedthefirstdetectionofCMBanisotropies–byCOBEin1992;
wewillseebelowthatthiscorrespondsto

δH≃3×10
−5
.(264)

Thisimmediatelydeterminesthelarge-scalematterpowerspectrumintheuniversetoday.Weknow
fromPoisson’sequationthattherelationbetweenpotentialanddensitypowerspectraatscalefactor
ais

∆
2
Φ=(4πGρma

2
/k

2
)
2
∆

2
(a)≡δ

2
H.(265)

Convertingtothepresent,∆
2
=a

−2
∆

2
(a)f(Ωm)

2
,andweget

∆
2
=(4/9)δ

2
H

(

ck

H0

)

4

Ω
−2
mf(Ωm)

2
(266)

(wheref(Ωm),≃Ω
0.23
mforaflatuniverse,isthegrowthsuppressionfactor).Thisexpressionis

modifiedonsmallscalesbythetransferfunction,butitshowshowmassfluctuationstodaycanbe
deducefromCMBanisotropies.Asanaside,amoreinformalargumentintheoppositedirectionis
tosaythatwecanestimatethedepthofpotentialwellstoday:

v
2
∼
GM

r⇒
Φ

c2∼
v
2

c2,(267)

sothepotentialwelloftherichestclusterswithvelocitydispersion∼1000kms
−1

isoforder10
−5

deep.ItisthereforenosurprisetoseethisleveloffluctuationontheCMBsky.

103

Finally,itisalsopossiblewithsomeefforttocalculatethefullspherical-harmonicspectrum
fromthe3Dspatialspectrum.Forascale-invariantspectrum,theresultis

Cℓ=
6

ℓ(ℓ+1)
C2,(268)

whichiswhythebroad-bandmeasureofthe‘powerperlogℓ’isdefinedas

T
2
(ℓ)=

ℓ(ℓ+1)

2π
Cℓ.(269)

Finally,awordaboutunits.Thetemperaturefluctuation∆T/Tisdimensionless,butanisotropy
experimentsgenerallymeasure∆Tdirectly,independentofthemeantemperature.Itistherefore
commonpracticetoquoteT

2
inunitsof(µK)

2
.

characteristicscalesWenowwanttolookatthesmaller-scalefeaturesoftheCMB.The
currentdataarecontrastedwithsomeCDMmodelsinfigure25.Thekeyfeaturethatispickedout
isthedominantpeakatℓ≃220,togetherwithharmonicsofthisscaleathigherℓ.Howcanthese
featuresbeunderstood?

Themainpointtoappreciateisthatthegravitationaleffectsaretheonesthatdominate
onlargeangularscales.Thisiseasilyseenbycontrastingthetemperatureperturbationsfromthe
gravitationalandadiabaticperturbations:

δT

T≃
1

3

Φ

c2(gravity);
δT

T≃
1

3

δρ

ρ
(adiabatic).(270)

Poisson’sequationsays∇
2
Φ=−k

2
Φ=4πGρ(δρ/ρ),sothereisacritical(proper)wavenumber

wherethesetwoeffectsareequal:k
2
crit∼Gρ/c

2
.Theageoftheuniverseisalwayst∼(Gρ)

−1/2
,so

thissaysthat

kcrit∼(ct)
−1
.(271)

Inotherwords,perturbationswithwavelengthsabovethehorizonsizeatlastscatteringgenerate
δT/Tviagravitationalredshift,butonsmallerscalesitisadiabaticperturbationsthatmatter.
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Silk damping

Ω=0.3

scale-invariant spectrum

Ω=0.3
open

flat

acoustic peak

Figure25.AngularpowerspectraT
2
(ℓ)=ℓ(ℓ+1)Cℓ/2πfortheCMB,plotted

againstangularwavenumberℓinradians
−1
.Forreferencestotheexperimentaldata,

seeSpergeletal.(2006).Thetwolinesshowmodelpredictionsforadiabaticscale-
invariantCDMfluctuations,calculatedusingtheCMBFASTpackage(Seljak&Zaldarriaga
1996).Thesehave(n,Ωm,Ωb,h)=(1,0.3,0.05,0.65)andhaverespectivelyΩv=1−Ωm
(‘flat’)andΩv=0(‘open’).Themaineffectisthatopenmodelsshiftthepeakstothe
right,asdiscussedinthetext.

Thesignificanceofthemainacousticpeakisthereforethatitpicksoutthe(sound)horizon
atlastscattering.Theredshiftoflastscatteringisalmostindependentofcosmologicalparametersat
zLS≃1100,aswehaveseen.Ifweassumethattheuniverseismatterdominatedatlastscattering,
thehorizonsizeis

D
LS

H=184(Ωmh
2
)
−1/2

Mpc.(272)
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Theanglethissubtendsisgivenbydividingbythecurrentsizeofthehorizon(strictly,thecomoving
angular-diameterdistancetozLS).Again,foramatter-dominatedmodelwithΛ=0,thisis

DH=6000Ω
−1
mh

−1
Mpc⇒θH=D

LS

H/DH=1.8Ω
0.5
mdegrees.(273)

Figure25showsthatheavilyopenuniversesthusyieldamainCMBpeakatscalesmuchsmaller
thantheobservedℓ≃220,andthesecanberuledout.Indeed,openmodelsweredisfavoured
forthisreasonlongbeforeanyusefuldataexistednearthepeak,simplybecauseofstrictupper
limitsatℓ≃1500(Bond&Efstathiou1984).Incontrast,aflatvacuum-dominateduniversehas
DH≃6000Ω

−0.4
mh

−1
Mpc,sothepeakispredictedatℓ≃2π/(184/6000)≃200almostindependent

ofparameters.TheseexpressionliebehindthecommonstatementthattheCMBdatarequireaflat
universe–althoughitturnsoutthatlargedegreesofspatialcurvatureandΛcanalsomatchthe
CMBwell.

Theseconddominantscaleisimposedbythefactthatthelast-scatteringsurfaceisfuzzy–with
awidthinredshiftofaboutδz=80.Thisimposesaradialsmearingoverscalesσr=7(Ωmh

2
)
−1/2

Mpc.Thissubtendsanangle

θr≃4arcmin,(274)

forflatmodels.Thisispartlyresponsibleforthefallinpowerathighℓ(Silkdampingalso
contributes).Finally,acharacteristicscaleinmanydensitypowerspectraissetbythehorizon
atzeq.Thisis16(Ωh

2
)
−1

Mpcandsubtendsasimilarangletoθr.

reionizationAsmentionedpreviously,itisplausiblethatenergyoutputfromyoungstarsand
AGNathighredshiftcanreionizetheintergalacticmedium.Certainly,weknowempiricallyfrom
thelackofGunn–Petersonneutralhydrogenabsorptioninquasarsthatsuchreheatingdidoccur,
andataredshiftinexcessof6.Theconsequencesforthemicrowavebackgroundofthisreionization
dependontheThomson-scatteringopticaldepth:

τ=

∫

σTnedℓprop=

∫

σTne
c

H0

dz

(1+z)
√

1−Ωm+Ωm(1+z)3
(275)

(foraflatmodel).Ifwere-expresstheelectronnumberdensityintermsofthebaryondensity
parameteras

ne=Ωb
3H

2
0

8πGµmp
(1+z)

3
,(276)
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wheretheparameterµisapproximately1.143foragasof25%heliumbymass,anddotheintegral
overredshift,weget

τ=0.04h
Ωb

Ωm

[

√

1+Ωmz(3+3z+z2)−1
]

≃0.04h
Ωb

Ω
1/2
m

z
3/2
.(277)

PredictionsfromCDMgalaxyformationmodelstendtopredictareheatingredshiftbetween10and
15,thusτbetween0.1and0.2forstandardparameters.Themaineffectofthisscatteringisto
damptheCMBfluctuationsbyafactorexp(−τ),butthisdoesnotapplytothelargest-scaleangular
fluctuations.Toseethis,thinkbackwards:wherecouldasetofphotonsscatteredatzhavecome
from?Iftheyarescatteredbyanangleoforderunity,theycanbeseparatedatthelast-scattering
surfacebyatmostthedistancefromztozLS–whichisalmostexactlythehorizonsizeatz.The
criticalangleisthustheanglesubtendedtodaybythehorizonsizeatthereheatingtime;foraflat
model,thisisapproximatelyz

−1/2
radians,somodeswithℓ<z

1/2
areunaffected.Thisturnsout

tobeacriticalfactorinchangingtheapparentshapeoftheCMBpowerspectrum

10CMBanisotropies–II

HavinggivenanoutlineofthephysicalmechanismsthatcontributetotheCMBanisotropies,we
nowexaminehowtheCMBisusedinconjunctionwithotherprobestopindownthecosmological
model.

TheinformationwegainfromtheCMBisdominatedbythemainacousticpeakatℓ=220,
anditisinterestingtoaskwhatthistellsus.Wehavearguedthatthelocationofthisfeature
markstheanglesubtendedbytheacoustichorizonatlastscattering,whichhasbeengivenas
D

LS

H=184(Ωmh
2
)
−1/2

Mpc.Usingthecurrentsizeofthehorizon,theanglesubtendedinaflat
modelis

DH=6000Ω
−0.4
mh

−1
Mpc⇒θH=D

LS

H/DH∝Ω
−0.1
m,(278)

sothereisverylittledependenceofpeaklocationoncosmologicalparameters.Thiscontrastbetween
littledependenceondensityforflatmodelsandalargedensitydependenceformodelswithno
cosmologicalconstantisoftenusedtoarguethattheCMBprovesflatness;butthisignoresthecase
wherebothcurvatureandΛareimportant,andindependentconstraintsonthedensityareneeded
beforethispossibilitycanberuledout.
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However,thisargumentisincompleteindetailbecausetheearlierexpressionforDH(zLS)
assumesthattheuniverseiscompletelymatterdominatedatlastscattering,andthisisnotperfectly
true.Thecomovingsoundhorizonsizeatlastscatteringisdefinedby

DS(zLS)≡
1

H0Ω
1/2
m

∫

aLS

0

cS
(a+aeq)1/2da(279)

wherevacuumenergyisneglectedatthesehighredshifts;theexpansionfactora≡(1+z)
−1

and
aLS,aeqarethevaluesatlastscatteringandmatter-radiationequalityrespectively.Inpractice,
zLS≃1100independentofthematterandbaryondensities,andcSisfixedbyΩb.Thusthemain
effectisthataeqdependsonΩm.DividingbyDH(z=0)thereforegivestheanglesubtendedtoday
bythelighthorizonas

θH≃
Ω
−0.1
m

√
1+zLS

[√

1+
aeq

aLS

−
√

aeq

aLS

]

,(280)

wherezLS=1100andaeq=(23900ωm)
−1
.Thisremarkablysimpleresultcapturesmostofthe

parameterdependenceofCMBpeaklocationswithinflatΛCDMmodels.Differentiatingthis
equationnearafiducialωm=0.13gives

∂lnθH

∂lnΩm

∣

∣

∣

∣

ωm

=−0.1;
∂lnθH

∂lnωm

∣

∣

∣

∣

Ωm

=
1
2

(

1+
aLS

aeq

)

−1/2

=+0.25,(281)

Thusformoderatevariationsfroma‘fiducial’model,theCMBpeakmultipolenumberscales
approximatelyasℓpeak∝Ω

−0.15
mh

−0.5
,i.e.theconditionforconstantCMBpeaklocationiswell

approximatedas

Ωmh
3.3

=constant.(282)

ItisnowclearhowLSSdatacombineswiththeCMB:Ωmhisthemaincombinationprobedbythe
matterpowerspectrumsothisapproximatedegeneracyisstronglybrokenusingthecombineddata.
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Figure26.ThelocationoftheprincipalpeakintheCMBpowerspectrumis
largelydeterminedbythecombinationΩmh

3.3
,representingthescalingoftheangular

sizeofthehorizonatlastscattering.Thetwoothermaincharacteristicsarethe
risetothepeak,andthefalltothesecondandsubsequentmaxima.Theformer
(theheightofthepeakabovetheSachs-Wolfeplateau)isinfluencedbytheearly-
timeISWeffect:thechangeingravitationalpotentialassociatedwiththetransition
fromradiationdominationtomatterdominationThisisillustratedinthefirstpanel,
wherewefixΩbh

2
andhencethesoundspeed.Forfixedpeaklocation,higherhgives

lowermatterdensity,andhenceahigherpeakfromtheearly-timeISWeffect(all
modelsarenormalizedatℓ=20).Thesecondpanelshowstheinfluenceofvaryingthe
baryondensityatconstantmatterdensity,whereweseethatahigherbaryonfraction
increasestheamplitudeoftheacousticoscillations.Thus,ifweassumeflatness,the
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10.1DegeneracybreakingwithdetailedCMBdata

Althoughthemainhorizon-scalepeakinthepowerspectrumdominatestheappearanceoftheCMB,
givingdegenerateinformationaboutcosmologicalparameters,thefinedetailofthepatternisalso
important.AsthequalityoftheCMBmeasurementsimprove,moreinformationcanbeextracted,
andtheparameterdegeneraciesareincreasinglybrokenbytheCMBalone.Regardingthestructure
aroundthepeak,twophysicaleffectsareimportantingivingthisextrainformation:

(1)EarlyISW.Wehaveseenthatthetransitionfromradiationdominationtomatter
dominationoccursonlyjustbeforelastscattering.Althoughwehaveprovedthatpotential
fluctuationsΦstayconstantduringtheradiationandmattereras(whilevacuumandcurvature
arenegligible),thisisnottrueatthejunction,andthereisasmallchangeinΦduringtheradiation–
mattertransition(byafactor9/10:seechapter7ofMukhanov’sbook).Thisintroducesanadditional
ISWeffect,whichbooststheamplitudeofthepeak,especiallyformodelswithlowΩmh

2
,whichbrings

zeqrightdowntozLS(seethefirstpaneloffigure26).

(2)Baryonloading.Ifwekeeptheoverallmatterdensityfixedbutalterthebaryon
fraction,thesoundspeedatlastscatteringchanges.Thishastheeffectofmakingachangeinthe
amplitudeoftheacousticoscillationsbeyondthefirstpeak:thedroptothesecondpeakismore
pronouncedifthebaryonfractionishigh(seethesecondpaneloffigure26).

Overall,thekindofprecisiondatanowdeliveredbyWMAPallowstheseeffectstobe
measured,andthedegeneracybetweenΩm,Ωbandhbrokenwithoutexternaldata.

10.2Tensormodes

Allofourdiscussiontodateappliestomodelsinwhichscalarmodesdominate.Butweknowthat
gravity-wavemetricperturbationsintheformofatracelesssymmetrictensorh

µν
arealsopossible,

andthatinflationpredictsthatabackgroundofsuchwavesisgenerated,withamplitude

hrms∼Hinflation/mP.(283)

Thesetensormetricdistortionsareobservableviathelarge-scaleCMBanisotropies,wherethetensor
modesproduceaspectrumwiththesamescaledependenceastheSachs–Wolfegravitationalredshift
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fromscalarmetricperturbations.Inthescalarcase,wehaveδT/T∼φ/3c
2
,i.e.oforderthe

Newtonianmetricperturbation;similarly,thetensoreffectis

(

δT

T

)

GW

∼hrms.(284)

Couldthelarge-scaleCMBanisotropiesactuallybetensormodes?Thiswouldbetremendously
exciting,sinceitwouldbeadirectwindowintotheinflationaryera.TheHubbleparameterin
inflationisH

2
=8πGρ/3∼V(φ)/m

2
P,sothat

(

δT

T

)

GW

∼hrms∼H/mP∼V
1/2
/m

2
P.(285)

AmeasurementofthetensormodesintheCMBwouldthereforetellusdirectlytheenergyscaleof
inflation:Einflation∼V

1/4
.Thisismoredirectthanthescalarsignature,whichwas

δH∼
V

1/2

m2
Pǫ1/2,(286)

whereǫistheprincipalslow-rollparameter(dimensionlessversionofthegradient-squaredofthe
potential).

Fromtheserelations,wecanseethatthetensor-to-scalarratiointhelarge-scaleCMB
powerspectrajustdependsonǫ:

r≡T
2

T/T
2

S=16ǫ(287)

(puttinginthefactorof16fromanexactanalysis).Wehavearguedthatǫcannotbetoosmallif
inflationistoend,sosignificanttensorcontributionstotheCMBanisotropyareaclearprediction.As
aconcreteexample,considerpower-lawinflationwitha∝t

p
,whereweshowedthatǫ=η/2=1/p.

Inthiscase,

r=8(1−ns),(288)

sothelargerthetilt,themoreimportantthetensors.Wewillseebelowthatthereisfairlystrong
evidenceforanon-zerotiltwithns≃0.96,sothesimplestexpectationwouldbeatensorcontribution
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ofr≃0.3.Ofcourse,thisonlyappliesforalarge-fieldmodellikepower-lawinflation;itisquite
possibletohaveasmall-fieldmodelwith|η|≫|ǫ|,inwhichcasetherecanbetiltwithouttensors.

Anorderunitytensorcontributionwouldimplymetricdistortionsatthelevelof10
−5
,

whichmightsoundeasytodetectdirectly.Thereasonthisisnotsoisthatthesmall-scaletensor
fluctuationsarereducedtoday:theirenergydensity(whichis∝h

2
)redshiftsawayasa

−4
oncethey

enterthehorizon.Thisredshiftingproducesabreakinthespectrumofwaves,reminiscentofthe
mattertransferspectrum,sothatthetensorcontributiontotheCMBdeclinesforℓ>∼100.This
redshiftingmeansthatthepresent-daymetricdistortionsaremorelike10

−27
onrelevantscales(kHz

gravitywaves)thanthecanonical10
−5
.Evenso,directdetectionoftheserelicgravitywavescan

becontemplated,butthiswillbechallengingintheextreme.Atthecurrentrateofprogressin
technology,thenecessarysensitivitymaybeachievedaround2050;butthesignalmaybehigher
thaninthesimplemodels,sooneshouldbeopentothepossibilityofdetectingthisultimateprobe
oftheearlyuniverse.
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11Combinedconstraintsonthecosmologicalmodel

Wehaveshownthat,givenperfectdata,theCMBanisotropypowerspectrumaloneisableto
determinethemaincosmologicalparameters.Butcurrentdataarestillsomewayfrombeingideal
–andthiscapabilityweakenswhenweexpandthemodeltoincludeingredientsthatareasyet
undetected,butwhichhaveareasonabletheoreticalmotivation.However,additionalinformation
fromlarge-scalestructurecurestheseproblemseffectively.

thegalaxypowerspectrumAkeyaiminobservationalcosmologyhaslongbeentouse
theexpectedfeatureatthezeqhorizonscaletomeasurethedensityoftheuniverse.Dataon
galaxyclusteringisnowsufficientlygoodthatthiscanbedonequiteaccurately.Themeasured
powerspectrumfromthe2dFGalaxyRedshiftSurveyiscontrastedwithCDMmodels(forwhich
|δk|

2
∝k

n
T

2
k)infigure27.Thecurvatureofthespectrumisclearlymeasured,leadingtothe

constraint

Ωmh=0.168±0.016.(289)

Forh=0.7±10%,asindicatedbyabsoluteexternalmeasurements,thisgivesΩm=0.24±0.03.
The2dFGRSresultsalsogiveadetectionoftheexpectedbaryonfeatures,leadingtoameasurement
ofthebaryonfraction:

Ωb/Ωm=0.185±0.046(290)

(seeColeetal.astro-ph/0501174).Althoughthisisnotasaccurateameasurementofthebaryon
fractionasweobtainfromtheCMB,itisamoredirectpieceofevidencethatcollisionlessdarkmatter
isneeded;withonlybaryonicmatter,thegalaxypowerspectrumwouldbeexpectedtodisplaythe
sameorder-unityoscillationsthatweseeintheCMBpowerspectrum.

Inordertoreachtheseconclusions,however,itisnecessarytomakeanassumptionabout
theprimordialspectrum,whichwastakentobescale-invariantwithn=1.Valuesn<1would
correspondtoalargerinferreddensity,andLSSdatacannotbreakthisdegeneracywithtilt.The
bestwaytoconstrainnistocombinewithdataonCMBanisotropies;aswehavediscussed,these
probelargerscalesandgivearobustmeasureofn,whichindeedturnsouttobeveryclosetounity.
Similarly,LSSdatadonotmakeanystatementaboutthecurvatureoftheuniverse.Again,this
canbemeasuredfromtheCMBgiventheuseofLSSdatatolimitpossiblecombinationsofmatter
contentandh,andsobreakthegeometricaldegeneracy.
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Figure27.Thegalaxypowerspectrumfromthe2dFGalaxyRedshift
Survey,shownasthecontributiontothefractionaldensityvarianceperlnkagainst
wavenumber(spatialwavelengthisλ=2π/k).ThedataarecontrastedwithCDM
modelshavingscale-invariantprimordialfluctuations(ns=1)andΩmh=0.1,0.15,
0.2,0.25,0.3.ThedottedlinesshowpureCDMmodels,whereasthesolidlinesshow
theeffectofbaryonsatthenucleosynthesislevel(assumingΩb=0.04andh=0.7).

combinedconstraintsfromcmb+lssFollowingthesuperb3-yearWMAPresults(Spergel
etal.2006;astro-ph/0603449),thedetailedTT,EEandTEpowerspectraaremeasuredsufficiently
preciselythatmanyoftheparameterdegeneracieswehaveworriedaboutarebroken,atleastweakly.
Thiscomespartlyfromthepolarizationmeasurements,andalsoviatheISWeffect.Ingeneral,what
wehavetodoisexploreamultidimensionalparameterspace,whichcaneasilybe11-dimensional,as
showninTable1.

Thisisfrequentlyreducedto7freeparameters(ignoringtensorsandtheneutrinomass
fraction,andassumingw=−1):ascalarCDMuniverse.Inthiscase,theinterestingparameter
tofocusonisthecurvature.Thelikelihoodofthedatagiventhemodelparametersisregarded
asaprobabilitydensityfortheparameters,andwemarginalizebyintegratingthisdistribution
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Table1.Cosmologicalparameters.

ParameterMeaning
ωdmPhysicaldensityofdarkmatter
ωbPhysicaldensityofbaryons
ωvPhysicaldensityofvacuum
wEquationofstateofvacuum
ωkCurvature‘density’
nsScalarspectralindex
rTensor-to-scalarratio
ntTensorspectralindex
σ8Spectrumnormalization
τOpticaldepthfromreionization
fνNeutrinomassfraction

overtheuninterestingparameters.Thisleavesaprobabilitydistributionforthecurvature,whichis
sharplypeakedaboutzero:

Ωk=−0.01±0.01.(291)

Thisisnormallytakenassufficientempiricaljustification(inadditiontoinflationaryprejudice)to
assumingexactflatnesswhentryingtosetconstraintsonmoreexoticingredients(tensors;w6=−1).
Butsofarthesearenotrequired,andthereisaverywellspecified6-parameterstandardmodel,as
showninfigure28andTable2.

Theimpressivethinghereisthespecificationofarelativelylowopticaldepthdueto
reionization,leadingtoevidenceinfavourofns<1;exactscale-invariancewouldneedalarger
opticaldepth,andthusstrongerlarge-scalepolarizationthanobserved.Thedetectionoftilt(a
roughly3.5σrejectionofthens=1model)hastobeconsideredanimpressivesuccessforinflation,
giventhatsuchdeviationsfromscaleinvariancewereaclearprediction.Soshouldweconsider
inflationtobeproved?Perhapsnotyet,butoneiscertainlyencouragedtolookmorecloselyatthe
tensorsignal.

limitsonthetensorfractionThepossibilityofalargetensorcomponentyields
additionaldegeneracies,asshowninfigure29.Anns=1modelwithalargetensorcomponent
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Figure28.ThebasicWMAP3confidencecontoursonthekeycosmological
parametersforflatscalar-onlymodels(fromSpergeletal.2006).

canbemadetoresembleazero-tensormodelwithlargebluetilt(ns>1)andhighbaryoncontent.
thisisonlyweaklybrokenwithcurrentdata,asshowninfigure30.Thisillustratesthatwecannotbe
sureaboutthe‘detection’oftilt:thedatacanbewellmatchedwithns=1,butthenasubstantial
tensorfractionisneeded.

Sofar,thetensorcontributiontothelarge-angleanisotropypowerspectrumislimitedto
afractionr<∼0.3fromWMAP.Todomuchbetter,weneedtodetectthecharacteristic‘B-mode’
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Table2.Constraintsonthebasic6-parametermodel(flat;notensors)fromWMAPincombination
with2dFGRSineachcase.

ParameterWMAP+2dFGRS

σ80.737
+0.036
−0.036

τ0.083
+0.028
−0.028

ns0.948
+0.015
−0.015

ωb0.0222
+0.0007
−0.0007

ωm0.126
+0.005
−0.005

h0.733
+0.020
−0.021

⇒Ωm0.236
+0.020
−0.020

polarizationsignature.TheBmodesareexcitedonlybytensors,soallfuturelarge-scalepolarization
experimentswillbesearchingforthissignature;itwillnotbeeasy,eveniftheforegroundsaregentle.
Planckwillonlybeabletodetecttensorsifr>∼0.1,althoughtheultimatelimitfromcosmicvariance
ismoreliker≃10

−5
.Thissoundslikethereisalotoffuturescope,butitshouldberecalledthat

theenergyscaleofinflationscalesasthetensorC
1/4
ℓ.Therefore,wewillneedadegreeofluckwith

theenergyscaleifthereistobeadetection.
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Figure29.Thetensordegeneracy.Addingalargetensorcomponenttoan
ns=1scalarmodel(solidline)greatlylowersthepeak(dashedline),onceCOBE
normalizationisimposed.Tiltingtons=1.3curesthis(dot-dashedline),butthe2nd
andsubsequentharmonicsaretoohigh.Raisingthebaryondensitybyafactor1.5
(dottedline)leavesusapproximatelybackwherewestarted.

12Thepuzzleofdarkenergy

12.1Cosmologicaleffectsofthevacuum

Oneofthemostradicalconclusionsofrecentcosmologicalresearchhasbeenthenecessityfora
non-zerovacuumdensity.ThiswasdetectedontheassumptionthatEinstein’scosmological
constant,Λ,mightcontributetotheenergybudgetoftheuniverse.Butifthisingredientisa
reality,itraisesmanyquestionsaboutthephysicaloriginofthevacuumenergy;aswewillsee,a
varietyofmodelsmayleadtosomethingsimilarineffecttoΛ,andthegeneraltermdarkenergy
isusedtodescribethese.
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Figure30.ThemarginalizedWMAP3confidencecontoursontheinflationary
r−nplane(revisedversionofplotfromSpergeletal.2006).

Thepropertiesofdarkenergycanbeprobedbythesamemeansthatweusedtodeduceits
existenceinthefirstplace:viaitseffectontheexpansionhistoryoftheuniverse.Thevacuum
densityisincludedintheFriedmannequation,independentoftheequationofstate

Ṙ
2
−
8πG

3
ρR

2
=−kc

2
.(292)

Attheoutset,thenweshouldbeveryclearthatthededucedexistenceofdarkenergydependson
thecorrectnessoftheFriedmannequation,andthisisnotguaranteed.Possiblywehavethewrong
theoryofgravity,andwehavetoreplacetheFriedmannequationbysomethingelse.Alternative
modelsdoexist,particularlyinthecontextofextradimensions,andthesemustbeborneinmind.
Nevertheless,asapracticalframework,itmakessensetostickwiththeFriedmannequationand
seeifwecangetconsistentresults.Ifthisprogrammefails,wemaybeledinthedirectionofmore
radicalchange.

ToinsertvacuumenergyintotheFriedmannequation,weneedtheequationofstate

w≡p/ρc
2

(293)
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Ifthisisconstant,adiabaticexpansionofthevacuumgives

8πGρ

3H2
0

=Ωva
−3(w+1)

.(294)

Moregenerally,wecanallowwtovary;inthiscase,weshouldregard−3(w+1)asdlnρ/dlna,so
that

8πGρ

3H2
0

=Ωvexp

(
∫

−3(w(a)+1)dlna

)

.(295)

Ingeneral,wethereforeneed

H
2
(a)=H

2
0

[

Ωve
∫

−3(w(a)+1)dlna
+Ωma

−3
+Ωra

−4
−(Ω−1)a

−2
]

.(296)

Somecompletedynamicalmodelisneededtocalculatew(a).Giventhelackofauniquemodel,a
commonempiricalparameterizationis

w(a)=w0+wa(1−a).(297)

Frequentlyitissufficienttostickwithconstantw;mostexperimentsaresensitivetowataparticular
redshiftoforderunity,andwatthisredshiftcanbeestimatedwithlittledependenceonwhetherwe
allowdw/dztobenon-zero.

Ifwisnegativeatall,thisleadstomodelsthatbecomeprogressivelymorevacuum-dominated
astimegoesby.Whenthisprocessiscomplete,thescalefactorshouldvaryasapoweroftime.
Thecasew<−1isparticularlyinteresting,sometimesknownasphantomdarkenergy.Here
thevacuumenergydensitywilleventuallydiverge,whichhastwoconsequences:thissingularity
happensinafinitetime,ratherthanasymptotically;asitdoesso,vacuumrepulsionwillovercome
thenormalelectromagneticbindingforceofmatter,sothatallobjectswillbetornapartinthebig
rip.IntegratingtheFriedmannequationforward,ignoringthecurrentmatterdensity,thetimeto
thiseventis

trip−t0≃
2

3
H
−1
0|1+w|

−1
(1−Ωm)

−1/2
.(298)
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12.2Observingthepropertiesofdarkenergy

observableeffectsofthevacuumThecomovingdistance-redshiftrelationisoneofthe
chiefdiagnosticsofw.Thegeneraldefinitionis

D≡R0r=

∫

z

0

c

H(z)
dz.(299)

PerturbingthisaboutafiducialΩm=0.25w=−1modelshowsasensitivitymultiplierof
about5–i.e.ameasurementofwto10%requiresDto2%.Also,thereisanear-perfectdegeneracy
withΩm,sothisparametermustbeknownverywellbeforetheeffectofvaryingwbecomesdetectable.

Theothermaindiagnosticofwisitseffectonthegrowthofdensityperturbations.Theseare
alsosensitivetothevacuum,asmaybeseenfromthegrowthequation:

δ̈+2
ȧ

a
δ̇=4πGρ0δ.(300)

ThevacuumenergymanifestsitselfinthefactorofHinthe‘Hubbledrag’term2(ȧ/a)δ̇.Forflat
modelswithw=−1,wehaveseenthatthegrowingmodefordensityperturbationsisapproximately
asg(a)∝aΩ(a)

0.23
.Ifwismademorenegative,thismakesthegrowthlawclosertotheEinstein–

deSitterg(a)∝a(forverylargenegativew,thevacuumwasunimportantuntilveryrecently).
Therefore,increasingw(makingitlessnegative)hasaneffectinthesamesenseasdecreasingΩm.
Again,thesensitivitytowisratherpoor:|dlng/dw|≃0.2.

IntheCMB,themainobservableistheanglesubtendedbythehorizonatlastscattering

θH=D(zLS)/D(z=0).(301)

Thishastheapproximatescalingwithcosmologicalparameters(foraflatuniverse)

θH∝(Ωmh
3.3
)
0.15

Ω
α−0.4
m;α(w)=−2w/(1−3.8w).(302)

Thelattertermcomesfromaconvenientapproximationforthecurrenthorizonsize:

D0=2
c

H0
Ω
−α(w)
m.(303)
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Atfirstsight,thislooksbad:thesingleobservableofthehorizonangledependsonthreeparameters
(four,ifwepermitcurvature).Thus,eveninaflatmodel,wecanonlypindownwifweknowboth
Ωmandh.

However,ifwehavemoredetailontheCMBthanjustthemainpeaklocation,thenwehave
seenthattheΩm−hdegeneracyisweaklybroken,andthatthissituationimproveswithinformation
fromlarge-scalestructure,whichyieldsanestimateofΩmh.Ineffect,wehavetwoconstraintson
theΩm−hplanethatareconsistentifw=−1,butthisisnotthecaseforothervaluesofw.Inthis
way,thecurrentcombinedconstraintsfromCMBplusalternativeprobes(LSSandtheSupernova
Hubblediagram)yieldanimpressiveaccuracy:

w=−0.926
+0.054
−0.053,(304)

foraspatiallyflatmodel–seeSpergeletal.(2006).Theconfidencecontoursareplottedindetail
infigure31,anditisclearthatsofarthereisverygoodconsistencywithasimplecosmological
constant.Butaswewillsee,plentyofmodelsexistinwhichsomedeviationispredicted.Thenext
goaloftheglobalcosmologycommunityisthereforetopushtheerrorsonwdownsubstantially–to
about1%.Thereisnoguaranteethatthiswillyieldanysignal,butcertainlyitwillcutdownthe
rangeofviablemodelsfordarkenergy.

Oneofthefuturetoolsforimprovingtheaccuracyinwwillbelarge-scalestructure.Wehave
seenhowthishelpspindowntheparameterdegeneraciesinherentinaCMB-onlyanalysis,butit
alsocontainsuniqueinformationfromtheacoustichorizon.Earlier,weapproximatedthiswithout
consideringhowthespeedofsoundwoulddependonthebaryondensity;agoodapproximationto
theexactresultis

Da≃60(Ωmh
2
)
−0.25

(Ωbh
2
)
−0.08

Mpc.(305)

Thisformsastandardmeasuringrod,asseeninthe‘baryonwiggles’inthegalaxypowerspectrum.
Infuturegalaxysurveys,themeasurementofthissignatureasafunctionofredshiftwillbeafurther
usefulgeometricalprobe.
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Figure31.ThemarginalizedWMAP3confidencecontoursontheplaneofdark-
energyequationofstate(w)vsΩm(fromSpergeletal.2006).Aflatuniverseis
assumed,althoughthisisnotcriticaltotheconclusions.

12.3Quintessence

Thesimplestphysicalmodelfordynamicalvacuumenergyisascalarfield.Weknowfrominflationary
modelsthatthiscanyieldsomethingcloseinpropertiestoacosmologicalconstant,andsowecan
immediatelyborrowthewholeapparatusformodellingvacuumenergyatlatetimes.Thisidea
ofscalarfieldsasadynamicalsubstituteforΛwasfirstexploredbyRatra&Peebles(1988).Of
course,thismeansyetanotherscalarfieldthatisintroducedwithoutmuchoranymotivationfrom
fundamentalphysics.Thishypotheticalfieldisgiventhefancifulname‘quintessence’,implyinga
newadditiontotheancientGreeklistofelements(fire,air,earth,water).
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Intheinterestsoftime,wewillnotgointothistopichere.Sufficeittosaythatthereisa
generalproblemwithallsuchmodels:whateverV(φ)functiononechooses,thedynamicsofthefield
areidenticalifV→V+const.Onethereforerecoverstheclassicalcosmologicalconstantproblem,
whichistounderstandwhysuchaconstantshouldbesosmall.Normally,quintessencemodelsadopt
V(φ)→0asφ→∞withoutanygoodjustification.

12.4Modifyinggravity

Analternativepointofviewondarkenergy,whichisreceivingincreasinginterestintheresearch
literatureistosuggestthatdarkenergymaynotbeagenuinephysicalentityatall.Allourcurrent
knowledgeaboutitcomesfromtheFriedmannequation:

H
2
(a)=H

2
0

[

Ωma
−3

+Ωra
−4
−(Ω−1)a

−2
+Ωv

]

.(306)

Inotherwords,theexpansionhistoryoftheuniversecannotbesatisfiedwithoutaddingaconstant
totherhs.ButthiscouldmeanthatthestandardFriedmannequationwaswrongallalongandthat
thepresenceoftheconstantindicatestheneedforchangestothetheoryofgravity.

Thispossibilityisfrequentlytermed‘violationofgeneralrelativity’,butoneshouldbeclear
attheoutsetthatthisisamisnomer:generalrelativitymeansassumingtheexistenceofametricand
writingphysicsequationsincovariantform,mostsimplybyusingrelativisticinvariants.Einstein’s
fieldequationsarethesimplestsetconsistentwiththisrequirement,butareeasytogeneralise.This
ismosteasilyseenbyusingtheLagrangianformalismandwritingtheEinstein-Hilbertaction:

S∝
∫

(R+2Λ)√−gd4
x

µ
,(307)

whereRistheRicciscalar.Einstein’sfieldequationsarisefromrequiringastationaryaction,anditis
nowobvioushowtogenerateamorecomplextheory:replaceR+Λbysomeotherscalar;apopular
choiceisf(R).Thissubstitutionhastobedonewithcare,however,sincethereexiststringent
constraintsondeviationsfromEinsteingravityintheSolarSystem.ThevalueofRisproportional
tothematterdensity,whichisabout10

6
timeslargerininterplanetaryspacethanoncosmological

scales.Thuswhatisrequiredempiricallyisf(R)≃RwhenRislarge,butf(R)→constantas
R→0.Onemightlegitimatelyaskwhetheritisplausiblethatnatureshouldcarefullymakesure
thatmodificationsofgravityarelocallyundetectableinthisway.
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Afurtherpopularwayinwhichgravitymighthavenon-standardpropertiesisiftheuniverse
hasmorethanthenormal3+1spacetimedimensions.ThiswasfirstintroducedintheKaluza-
Kleinpicture,inwhichouruniverseisalower-dimensionalhypersurfaceinahigher-dimensional
system.Suchmodelswerefirstdiscussedinthe1920s,andthedevicechosentohidetheextra
dimensionswasthattheywerecompactifiedandhavethetopologyofaverysmallcylinderinthe
hiddendirection(s).Amorerecentdevelopmenthasbeenthebraneworldmodel,inwhichthe
extradimensionisnotassumedtobesmall.Thereisthenalargerspace,termedthebulk,which
liesawayfromthe(mem)braneonwhichouruniverseislocated.IfEinsteingravityappliestothe
jointspaceofbulkandbrane,andmatterisconfinedonlytothebrane,thenithasbeenshownthat
theapparentFriedmannequationontheBraneisoftheform

H
2
(a)∝ρ

2
+C/a

4
.(308)

Thisquadraticdependenceondensityisstartlingandinconsistentwithnucleosynthesis,whatever
thevalueofthedarkradiationtermparameterizedbyC.Morerealisticbranemodelsallow
abulkcosmologicalconstant,sothatthemetriciswarpedandnolongeroftheformdτ

2
=

gµνdx
µ
dx

ν
−dw

2
.ThesegeneralizedbranemodelsareknownasRandall-Sundrummodels.

Thismayallseempointlessiftheaimissimplytocomeupwithanalternativemodelthat
givesanexpansionhistorya(t)thatisjustlikethestandardcasewithmatterplusdarkenergy.
Butmorerecentworkhasemphasisedthatitispossibletotellthedifferencebylookingatthe
growthofstructure.Informallyspeaking,weareexploringthepossibilitythatgravitymayhavea
differentstrengthonthe10-Gpcscaleoftheentirevisibleuniversethanitdoesonsmallscales.Here,
‘smallscales’canmeanaslargeasthekpcscalesofgalaxies,sincethecentralpartsofthesecanbe
explaineddynamicallyusingstandardgravityandnodarkmatter.Westressthattheaimhereis
todisposeofdarkenergy,notdarkmatter:thatisthesubjectofamoreradicalprogrammeknown
asMOND,orModifiedNewtonianDynamics.Thereisthenthepossibilitythatthebehaviouron
theintermediate10-Mpcscalesoflarge-scalestructuremaybeadiagnosticofmodifiedgravity.An
empiricalparameterizationhasbeendevelopedtodealwiththis:

fg≡
dlnδ

dlna≃Ωm(a)
γ
.(309)

Thestandardmodeliswellfittedbyγ≃0.55,butmanyofthemodifiedmodelsdiscussedabove
requirevaluesofγthatdifferfromthisbyoforder0.1.Theparameterγthusformsonenatural
targetforobservers,tobeaddedtowasanempiricaldescriptionoffundamentalcosmology.To
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completetheset,wenotethatgravitationallensingaddsaspecificdegreeoffreedominthatitis
abletoprobethesumofthetwometricpotentials,Ψ+Φ:

η=Φ/Ψ.(310)

Alargenumberoffuturecosmologicalsurveysarethusgearinguptomeasuretheseparameters
andsearchfordeviationsfrom(w,γ,η)=(−1,0.55,1).Whetherornotoneexpectsthissearchto
succeed,isisundeniablygoodforsciencethatcosmologyisabletotestthecorrectnessofEinstein
gravity,ratherthansimplyassumingit.

12.5Theanthropiclandscape

Whetherornotonefindsthe‘essence’approachtodarkenergycompelling,thereremainsone
bigproblem.AllthemodelsareconstructedusingLagrangianswithaparticularzerolevel.All
quintessencepotentialshavethefieldrollingdowntowardsV=0,andk-essencemodelslacka
potentialaltogether.Theyarethereforesubjecttotheclassicaldilemmaofthecosmologicalconstant:
addingapureconstanttotheLagrangianhasnoaffectonfielddynamics,butmimicsacosmological
constant.Withsomanypossiblecontributionstothisvacuumenergyfromthezero-pointenergies
ofdifferentfields(ifnothingelse),itseemscontrivedtoforceV(φ)toasymptotetozerowithouta
reason.

Toreviewwhyzeroisaproblematicvalueforthevacuumdensity,recallwhatwemeanby
thevacuum:|0〉,orzerooccupationnumberforeachwavemodeinsideagivenbox.Butstandard
quantummechanicsassignsazero-pointenergyofh̄ω/2toeachmode.Integratingh̄ω/2c

2
permode

overk-space(withadegeneracyof2forpolarization)givesatotaldensityof

ρvac=
h̄

2π2c5

∫

ω
3
dω,(311)

whichdivergeshorribly.Isitpossiblethattheupperlimitoftheintegralshouldbefinite?This
wouldbethecaseifspacewerealattice,whichisperhapsconceivableonsomeunobservablysmall
scale.However,evenwithacutoffatthehardlymicroscopiclevelofλ∼1mm,ρvacalreadyexceeds
thecriticaldensityoftheuniverse(∼10

−26
kgm

−3
).Wecanexpressthingsintermsofanenergy

scaleEvbywritingthedimensionalscaling

ρv=
h̄

c

(

Ev

h̄c

)

4

,(312)
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orsimplyρv=E
4
vinnaturalunits.ifweadoptthevaluesΩv=0.75andh=0.73forthe

keycosmologicalparameters,thenEv=2.39meVisknowntoatoleranceofabout1%.What
isanaturalchoiceforEv?AcasecanbemadeforEvlyingatthePlanckscale,sincequantum
gravityeffectsmustdestroytheflat-spaceassumptionsofquantumfieldtheory.Thiswouldgivea
vacuumdensity120powerof10largerthanobserved.Butthisisover-dramatisingtheproblem:
oneshouldfocusonEvratherthanE

4
v.Also,thesolutionmaylurkatmuchsmallerenergies.In

unbrokensupersymmetry,therewouldbeanexactcancellationofthezeropointenergyofbosonic
andfermionicoscillators,andthescaleofsupersymmetrybreakingcouldbeaslowas10TeV.So
thevacuumproblemisperhapsthattheenergyscaleofthevacuumis‘only’15powersof10smaller
thanseemsreasonable–alotfewerthan120powersof10,butstillenoughtocauseaproblem.

Itshouldhoweverbeclearthatthispredictionishardtomakefixed,partlybecauseofour
ignoranceofthefieldcontentoftheuniverse,andbecausethesezero-pointcontributionscanbe
supplementedbyclassicalcontributionsfromV(φ)ofanynumberofscalarfields.Thisproblemhas
beensharpenedbyrecentdevelopmentsinstringtheory,knownundertheheadingofthelandscape.
Forthepresentpurpose,thiscanberegardedasrequiringtheintroductionofalargenumberof
additionalscalarfields,eachwithanassociatedpotential.Ifweassumethatavacuumstateisdefined
bythesefieldssittingattheminimumoftheirvariouspotentials,thentheeffectivecosmological
constantcanvary.Ithasbeenestimatedthatthereareabout10

500
distinctminima,whichdivides

thenaturalvacuumdensityofE
4
Pintowhatisalmostacontinuousrangefromthepointofviewof

observations–sowecanhavealmostanyeffectivevalueofΛwelike.

Thisleadsusinthedirectionofanthropicarguments,whichareabletolimitΛtosomeextent:
iftheuniversehadbecomevacuum-dominatedatz>1000,gravitationalinstabilitywouldhavebeen
impossible–sothatgalaxies,starsandobserverswouldnothavebeenpossible(Weinberg1989).
Indeed,Weinbergmadetheastonishinglyprescientpredictiononthisbasisthatanon-zerovacuum
densitywouldbedetectedatΩvoforderunity,sincetherewasnoreasonforittobemuchsmaller.

manyuniversesAtfirstsight,thisargumentseemsquiteappealing,butitrapidlyleadsusinto
deepwaters.HowcanwetalkaboutchangingΛ?Ithasthevaluethatithas.Weareimplicitly
invokinganensemblepictureinwhichtherearemanyuniverseswithdifferingproperties.This
isabigstep(althoughexciting,ifthisturnsouttobetheonlywaytoexplainthevacuumlevel
wesee).Infact,theideaofanensembleemergesinevitablyfromtheframeworkofinflationary
cosmology,sincethefluctuationsinthescalarfieldcanaffecttheprogressofinflationitself.We
haveusedthisideatolookatthechangesinwheninflationends–butfluctuationscanaffectthe
fieldatallstagesofitsevolution.Theycanbethoughtofasaddingarandom-walkelementtothe
classicalrollingofthescalarfielddownthetroughdefinedbyV(φ).Incaseswhereφistooclose
totheoriginforinflationtopersistforsufficientlylong,itispossibleforthequantumfluctuations
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topushφfurtherout–creatingfurtherinflationinaself-sustainingprocess.Thisistheconceptof
stochasticeternalinflationduetoLinde.Sufficientlyfarfromtheorigin,therandomwalk
effectoffluctuationsbecomesmoremarkedandcanoverwhelmtheclassicaldownhillrolling.This
meansthatsomeregionsofspacecaninflateforanindefinitetime,andasingleinflatinguniverse
automaticallybreaksupintodifferentbubbleswiththeirownhistories.Somerandomsubsetofthese
eventuallyrandom-walkcloseenoughtotheoriginthattheclassicalendofinflationcanoccur,thus
creatingasetof‘universes’eachofwhichcanpotentiallyhostobservers.

Withthisasastartingpoint,thequestionnowbecomeswhetherwecanarrangeforthe
differentmembersofthisensembletohavedifferentvaluesofΛ.Thisiseasilyachieved.Let
therebesomequintessencefieldwithaveryflatpotential,sothatitiscapableofsimulatingΛ
effectively.Quantumfluctuationsduringinflationcanalsodisplacethisfield,sothateachmember
ofthemultiversewouldhaveadifferentΛ.

thedistributionofΛWearenowalmostinapositiontocalculateaprobabilitydistribution
forΛ.First,wehavetosetsomegroundrules:whatwillvaryandwhatwillbeheldfixed?We
shouldtrytochangeaslittleaspossible,soweassumethatalluniverseshavethesamevaluesfor

(1)TheBaryonfractionfb=ρb/ρm.

(2)TheentropyperparticleS=(T/2.73)
3
/Ωmh

2

(3)Thehorizon-scaleinhomogeneityδH≃10
−5
.

Itisfarfromclearthattheseminimalassumptionsarecorrect.Forexample,inthestring
theorylandscape,thereisnouniqueformforlow-energyparticlephysics,butinsteadalarge
numberofpossibilitiesinwhichnumberssuchasthefine-structureconstant,neutrinomassesetc.
aredifferent.FromthepointofviewofunderstandingΛ,weneedtheretobeatleast10

100
possible

statessothatatleastsomehaveΛsmallerthanthenaturalm
4
pdensitybyasufficientfactor.The

landscapehypothesisprovidesthisvariationinΛ,butdoesnotsupporttheideathatparticlephysics
isotherwiseinvariant.Still,itmakessensetostartwiththesimplestformsofanthropicvariation:
ifthiscanberuledout,itmightbetakenasevidenceinfavourofthefullerlandscapepicture.

WethentakeaBayesianviewpointtothedistributionofΛgiventheexistenceofobservers:

P(Λ|Observer)∝Pprior(Λ)P(Observer|Λ),(313)
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whereweneedboththepriordistributionofΛbetweendifferentmembersoftheensembleandhow
thechanceofgettinganobserverismodifiedbyΛ.Thelatterfactorshouldbeproportionaltothe
numberofstars,whichisgenerallytaketobeproportionaltothefractionofthebaryonsthatare
incorporatedintononlinearstructures.WecanestimatethisusingthePress-Schechterapparatus
togetthecollapsefractionintosystemsofagalaxy-scalemass.Theexactdefinitionofthisisnot
veryimportant,sincetheCDMpowerspectrumisveryflatonsmallscales:anymassatallcloseto
10

12
M⊙givessimilaranswers.

ThemoredifficultpartisthepriordistributionofΛ,andacommonargumentistosaythatit
hasauniformdistribution–whichseemsreasonableenoughifwearetoallowittohaveeithersign,
butknowthatwewillbeinterestedinaverysmallrangenearzero.Thisisthestartlingproposition
oftheanthropicmodel:thevacuumdensitytakeslargeranges,andinalmostallrealizations,the
valuesarecomparableinmagnitudetothenaturalscalem

4
P;suchmodelsarestupendouslyinimical

tolife.

Wethereforehavethesimplemodel

dP(ρv)∝fcdρv,(314)

wherefcisthecollapsefractionintogalaxy-scaleobjects.ForlargevaluesofΛ,growthceasesat
highredshift,andfcisexponentiallysuppressed.Butthingsarelessclear-cutifΛ<0.Herethe
universeeventuallyrecollapses,andthehighdensitymeansthatthecollapsefractionalwaystends
tounity.SowhydowenotobserveΛ<0?Theansweristhatwehavetocutoffthecalculationat
latestagesofrecollapse:oncetheuniversebecomestoohot,star-formationmaybeaffectedandin
anycasethereislittletimeforlifetoform.

Withthisproviso,figure32showstheposteriordistributionofΛconditionalontheexistence
ofobserversinthemultiverse.Providedweconsiderrecollapseonlytoamaximumtemperatureof
about10K,theobservedfigureismatchedwellbytheanthropicprediction:withthiscutoff,most
observerswillseeapositiveΛ,andsomethingoforder10%ofobserverswillseeΛasbigaswedo,
orsmaller.

Soistheanthropicexplanationthecorrectone?Manypeoplefindthehypothesistooradical:
whypostulateaninfinityofuniversesinordertoexplainadetailofoneofthem?Certainly,ifan
alternativeexplanationforthe‘whynow’problemexistedintheformofe.g.anaturallysuccessful
quintessencemodel,onemighttendtopreferthat.Butsofar,thereisnosuchalternative.The
longerthissituationpersists,themorewewillbeforcedtoacceptthattheuniverseweseecanonly
beunderstoodbymakingproperallowanceforourroleasobservers.
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Figure32.Thecollapsefractionasafunctionofthevacuumdensity,whichis
assumedtogivetherelativeweightingofdifferentmodels.Thedashedlinefornegative
densitycorrespondstotheexpandingphaseonly,whereasthesolidlinesfornegative
densityincludetherecollapsephase,uptomaximumtemperaturesof10K,20K,30K.
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